Branes, Calibrations and Supergravity 

Jerome P. Gauntlett 



Abstract. These notes are based on lectures given at the Clay School on 
Geometry and String Theory, Isaac Newton Institute, Cambridge, 25 March 
- 19 April 2002. They attempt to provide an elementary and somewhat self 
contained discussion of the construction of supergravity solutions describing 
branes wrapping calibrated cycles, emphasising the geometrical aspects and 
focusing on D=ll supergravity. Following a discussion of the role of spe- 
cial holonomy backgrounds in D=ll supergravity, the basic membrane and 
fivebrane solutions are reviewed and the connection with the AdS/CFT corre- 
spondence is made. The world-volume description of branes is introduced and 
used to argue that branes wrapping calibrated cycles in special holonomy man- 
ifolds preserve supersymmetry. The corresponding supergravity solutions are 
constructed first in an auxiliary gauged supergravity theory which is obtained 
via Kaluza-Klcin reduction. 



1. Introduction 

Supergravity theories in D=10 and D=ll spacctime dimensions play an impor- 
tant role in string/M-theory since they describe the low-energy dynamics. There 
are five different string theories all in D=10. At low energies the type IIA and type 
IIB string theories give rise to type IIA and type IIB supergravity, respectively, 
while the type I, and the two heterotic string theories all give rise to type I su- 
pergravities. The five string theories are all related to each other, possibly after 
compactification, by various dualities. There are also dualities which relate string 
theory to M-theory, which resides in D=ll. M-theory is much less understood than 
string theory, but one of the most important things that is known about it, is that 
its low-energy effective action is given by D=ll supergravity. 

Solutions to the supergravity equations of motion, particularly those that pre- 
serve some supersymmetry, are of interest for many reasons. One reason is that 
they are useful in studying compactifications from D=10 or 11 down to a lower 
dimensional spacetime. By compactifying down to four spacetime dimensions, for 
example, one might hope to make contact with particle physics phenomenology. 
In addition to strings, it is known that string theory has a rich spectrum of other 
extended objects or "branes" . Indeed supergravity solutions can be constructed 
describing the geometries around such branes, and these provide a very important 
description of the branes. Similarly, there are membrane and fivebrane solutions 
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of D=ll supergravity, which will be reviewed later, which implies that M-thcory 
contains such branes. An important application of brane and more general inter- 
secting brane solutions is that they can be used to effectively study the quantum 
properties of black holes. 

Supergravity solutions also provide powerful tools to study quantum field the- 
ories. The most significant example is Maldacena's celebrated AdS/CFT corre- 
spondence |108j which conjectures that string/M-theory on certain supergravity 
geometries that include anti-de-Sitter (AdS) space factors, is equivalent to certain 
conformally invariant quantum field theories (CFTs). The supergravity approxi- 
mation to string/M-theory allows one to calculate highly non-trivial information 
about the conformal field theories. 

The AdS/CFT correspondence is truly remarkable. On the one hand it states 
that certain quantum field theories, that a priori have nothing to do with gravity, 
are actually described by theories of quantum gravity (string/M-theory). Similarly, 
and equally surprising, it also states that quantum gravity on certain geometries, 
is actually quantum field theory. As a consequence much effort has been devoted 
to further understanding and generalising the correspondence. 

The basic AdS/CFT examples arise from studying the supergravity solutions 
describing planar branes in flat space, in the "near horizon limit" . Roughly speak- 
ing, this is the limit close to the location of the brane. Here we shall discuss more 
general supergravity solutions that describe branes that are partially wrapped on 
various calibrated cycles within special holonomy manifolds. We will construct ex- 
plicit solutions in the near horizon limit, which is sufficient for applications to the 
AdS/CFT correspondence. 

To keep the presentation simple, we will mostly restrict our discussion to D=ll 
supergravity. In an attempt to make the lectures accessible to both maths and 
physics students we will emphasise the geometrical aspects and de-emphasise the 
quantum field theory aspects. To make the discussion somewhat self contained, we 
begin with some basic material; it is hoped that the discussion is not too pedestrian 
for the physics student and not too vague for the maths student! 

We start with an introduction to D=ll supergravity, defining the notion of 
a bosonic solution of D=ll supergravity that preserves supersymmetry. We then 
describe why manifolds with covariantly constant spinors, and hence with special 
holonomy, are important. Following this we present the geometries describing pla- 
nar membranes and fivebranes. These geometries have horizons, and in the near 
horizon limit we obtain geometries that are products of AdS spaces with spheres, 
which leads to a discussion of the basic AdS/CFT examples. 

To motivate the search for new AdS/CFT examples we first introduce the world- 
volume description of branes. Essentially, this is an approximation that treats 
the branes as "probes" propagating in a fixed background geometry. We define 
calibrations and calibrated cycles, and explain why such probe-branes wrapping 
calibrated cycles in special holonomy manifolds preserve supersymmetry. The aim 
is then to construct supergravity solutions describing such wrapped branes after 
including the back-reaction of the branes on the special holonomy geometry. 

The construction of these supergravity solutions is a little subtle. In particular, 
the solutions are first constructed in an auxiliary gauged supergravity theory. We 
will focus, for illustration, on the geometries corresponding to wrapped fivebranes. 
For this case the solutions are first found in SO(5) gauged supergravity in D=7. 
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This theory arises from the consistent truncation of the dimensional reduction of 
D=ll supergravity on a four-sphere, as we shall discuss. This means that any 
solution of the D—7 supergravity theory automatically gives a solution of D=ll 
supergravity. We will present several details of the construction of the solutions 
describing fivebranes wrapping SLAG 3-cycles, and summarise more briefly the 
other cases. We also comment on some aspects of the construction of the solutions 
for wrapped membranes and D3-branes of type IIB supergravity. 

We conclude with a discussion section that outlines some open problems as 
well as a brief discussion of other related work on the construction of wrapped 
NS-fivebranes of type IIB supergravity. 

2. D=ll supergravity 

The bosonic field content of D=ll supergravity |36| consists of a metric, g, and 
a three- form C with four-form field strength G — dC which live on a D=ll manifold 
which we take to be spin. The signature is taken to be mostly plus, (— , +,..., +). 
In addition the theory has a fermionic gravitino, ip^. The action with ip^ = is 
given by 

(2.1) S= ( d ll x*J=g~R- -GA*G- -CAGAG , 

2«r J 2 6 

and thus the bosonic equations of motion, including the Bianchi identity for the 
four-form, are 

Rfiv = -^{G 2 ^ — —g ^ V G 2 ) 

d*G+^G/\G = 

(2.2) dG = , 

where G\ v = G^ ia2(T3 G v ^^ and G 2 = G airT2a3r7i G^^^ , with h,v,<t = 
0, 1, . . . , 10. The theory is invariant under supersymmetry transformations whose 
infinitesimal form is given schematically by 

Sg ~ eip 

SC ~ eip 

(2.3) Sip ~ Ve + e?/>V> , 

where the spinor e parametrises the variation and the connection V will be given 
shortly. 

Of primary interest are bosonic solutions to the equations of motion that pre- 
serve at least one supersymmetry. These are solutions to the equations of motion 
with ip — which are left inert under a supersymmetry variation. From (I2.3f) we 
see that Sg = SC = trivially, and hence we seek solutions to the equations of 
motion that admit non-trivial solutions to the equation Ve = 0. 

As somewhat of an aside we mention a potentially confusing point. For the 
theory to be supersymmetric, it is necessary that all of the fermions are Grasssmann 
odd (anti-commuting) spinors. However, since the only place that fermions enter 
into bosonic supersymmetric solutions is via Ve = and since this is linear in e we 
can, and will, take e to be a commuting (i.e. ordinary) spinor from now on. The 
Grassmann odd character of the fermions is certainly important in the quantum 
theory, but this will not concern us here. 
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To be more precise about the connection V let us introduce some further nota- 
tion. We will use the convention that /i, v, . . . are co-ordinate indices and a, (3, . . . 
are tangent space indices, i.e., indices with respect to an orthonormal frame. The 
D=ll Clifford algebra, Cliff '(10, 1), is generated by gamma-matrices T a satisfying 
the algebra 

(2.4) r Q r /3 + v^r 13 = 2r ] a > 3 , 

with 7] = diag(—l, 1, . . . , 1). We will work in a representation where the gamma- 
matrices are real 32 x 32 matrices acting on real 32 component spinors, with 
r ri . . .Tio = +1. Recall that Spin(10, 1) is generated by 

(2.5) -r al3 ee - (r a T fJ - r Q r /3 ) , 

V ' 4 8 V ; ' 

and here we have introduced the notation that r Ql ---" p is an anti-symmetrised 
product of p gamma-matrices. The charge conjugation matrix is defined to be Tq 
and e = e T iV 

We can now write the condition for a bosonic configuration to preserve super- 
symmetry as 

(2.6) V M e ee V^e + ±\r™ t *'« - SS^^G^^e = , 
where V M e is the usual covariant derivative on the spin bundle 

(2.7) V M e = (0„ + iy^r^Je . 

Observe that the terms involving the four-form in (|2.6|l imply that V takes values in 
the Clifford algebra and not just the Spin subalgebra. This is the typical situation 
in supergravity theories but there are exceptions, such as type I supergravity, where 
the connection takes values in the spin subalgebra and has totally anti-symmetric 
torsion |135| 

Non-trivial solutions to (|2.6() are called Killing spinors. The nomenclature is 
appropriate since if e 1 , e> are Killing spinors then K ee eT^e 3 ' are Killing vectors. 
To see this, first define fijf„ = tT^ and ...^ = tT^.^e?. Then use £9 
to show that |?6] 

(o n\ \7 K i i — ioy <7 i <T3 ^ x J_v'y <T i <T 2 0'3 0-40-5 s~i 

v A 1 - fi !^ — g 11 < -Jo- 1 o 2 Mi / < gj ^^01020-30-405^1/ , 

and hence in particular V^iT^ = 0. It can also be shown that the "diagonal" 
Killing vectors K" , for each Killing spinor e 1 , are either time- like or null |27] . The 
zeroth component of these vectors in an orthonormal frame are given by (e l ) T e l , 
and are clearly non- vanishing if and only if e 1 is, and hence so is K itself. 

It is useful to know under what conditions a geometry admitting a Killing 
spinor will also solve the equations of motion. In the case when there is a time-like 
Killing spinor, i.e. a Killing spinor whose corresponding Killing vector is time-like, 
it was proved in |76| that the geometry will solve all of the equations of motion 
providing that G satisfies the Bianchi identity dG = and the four- form equation of 
motion d*G+ 1/2G A G — 0. If all of the Killing spinors are null, it is necessary, in 
addition, to demand that just one component of the Einstein equations are satisfied 

Note that given the value of a Killing spinor at a point, the connection defines 
a Killing spinor everywhere, via parallel transport. Also, as the Killing spinor 
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equation is linear, the Killing spinors form a vector space whose dimension n can, 
in principle, be from 1, ... ,32. The fraction of preserved supersymmetry is then 
n/32. Although solutions are known preserving many fractions of supersymmetry, it 
is not yet known if all fractions can occur (for some recent speculations on this issue 
see |51|). A general characterisation of the most general supersymmetric geometries 
preserving one time-like Killing spinor is presented in |76| . It was shown that the 
geometry is mostly determined by a ten dimensional manifold orthogonal to the 
orbits of the Killing vector that admits an 5C/(5)-structure with rather weakly 
constrained intrinsic torsion. The analogous analysis for null Killing spinors has 
not yet been carried out. A complete classification of maximally supersymmetric 
solutions preserving all 32 supersymmetries is presented in |58) . 

Most of our considerations will be in the context of D=ll supergravity, but 
it is worth commenting on some features of M-theory that embellish D=ll super- 
gravity. Firstly, the flux G, which is unconstrained in D=ll supergravity, satisfies 
a quantisation condition in M-theory. Introducing the Planck length l p , via 

2« 2 ee (2n)% , 

11 spin manifold Y we have [138] 

where A(Y) = p\(Y)/2 with pi(Y) the first Pontryagin class of Y, given below. 
Note that since Y is a spin manifold, pi(Y) is divisible by two. Actually, more 
generally it is possible to consider M-theory on unorientable manifolds admitting 
pinors and some discussion can be found in 138 . 

A second point is that the low-energy effective action of M-theory is given by 
D=ll supergravity supplemented by an infinite number of higher order corrections. 
It is not yet known how to determine almost all of these corrections, but there is 
one important exception. Based on anomaly considerations it has been shown that 
the equation of motion for the four-form G is modified, at next order, by [1371 152] 

(2.11) ^ G+ l GAG = _(^|)!( p? _4 p2 ) , 
where the first and second Pontryagin forms are given by 

(2.12) Pl = - J^ri? , p 2 = -^trR* + ^(trR^ . 

At the same order there are other corrections to the equations of motion and also 
to the supersymmetry variations, but these have not yet been determined. Thus it 
is not yet known how to fully incorporate this correction consistently with super- 
symmetry but nevertheless it does have important consequences (see e.g. |132| ). 
As this correction will not play a role in subsequent discussion, we will ignore it. 

In the next sub-sections we will review two basic classes of supersymmetric 
solutions to D=ll supergravity. The first class are special holonomy manifolds and 
the second class are the membrane and fivcbranc solutions. 

2.1. Special Holonomy. First consider supersymmetric solutions that have 
vanishing four-form flux G, where things simplify considerably. The equations of 



(2.9) 

for M-theory on a D= 
(2.10) 
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motion and the Killing spinor equation then become 

Rfj,v = 

(2.13) V p e = . 

That is, Ricci-flat manifolds with covariantly constant spinors. The second condi- 
tion implies that the manifolds have special holonomy. To see this, observe that it 
implies the integrability condition 

(2.14) [V„, V„]e = \R^ a pT ap e = . 

The subgroup of Spin(10, 1) generated by R^apT " gives the restricted holonomy 
group H . Thus l|2.14|l implies that a Killing spinor must be invariant under H. 
i.e. it must be a singlet under the decomposition of the 32 spinor representation 
of Spin(lO, 1) into H representations, and this constrains the possible holonomy 
groups H that can arise. 

Of most interest to us here are geometries 'S}' w ~ d x Md, which are the direct 
product of (11 — e?)-dimensional Minkowski space, M 1 ' 10-6 *, with a ci-dimensional 
Riemannian Manifold Md, which we mostly take to be simply connected. (For a 
discussion of supersymmetric solutions with Lorentzian special holonomy, see |27l 
I57p . The possible holonomy groups of the Levi-Civita connection on manifolds Md 
admitting covariantly constant spinors is well known, and we now briefly summarise 
the different cases. 

S'pm(7)-Holonomy: In d = 8 there are Riemannian manifolds with Spin(7) 
holonomy. These have a no-where vanishing self-dual Cayley four-form W whose 
components in an orthonormal frame can be taken as 

^ _ e 1234 + e 1256 + e 1278 + g 3456 + g 3478 + g 5678 
(^•-^) , e 1357 _ e 1368 _ e 1458 _ gl467 _ g 2358 _ g2367 _ g 2457 _j_ g2468 

where e.g. e 1234 = e 1 A e 2 A e 3 A e 4 . The Cayley four-form is covariantly constant 
for Spin(7) manifolds and this is equivalent to \& being closed: 

(2.16) <M = . 

Spin(7) holonomy manifolds have a single covariantly constant chiral Spin(8) spinor, 
which we denote by p. Moreover, the Cayley four-form can be constructed as a bi- 
linear in p: 

(2-17) ^ mnpq P^fmnpqP 7 

where here m,n,p,q — 1, . . . , 8. For more discussion on the spinor conventions for 
this case and those below, see appendix B of |75| . 

G2-Holonomy: In d = 7 there are Riemannian manifolds with G2 holonomy. 
These have a no-where vanishing associative three-form <f> whose components in an 
orthonormal frame can be taken as 

(2.18) = e 246 - e 235 - e 145 - e 136 + e 127 + e 347 + e 567 . 

The three-form is covariantly constant and this is in fact equivalent to the conditions 



(2.19) 



dtp = d* <f> = 
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These geometries possess a single covariantly constant minimal d = 7 spinor p. The 
associative three-form can be constructed from p via 

(2.20) (t> m np = -ipjmnpP ■ 

5 f C/(n)-Holonomy: In d — 2n there are Calabi-Yau n-folds (CY n ) with SU(n) 
holonomy. The cases relevant for D=ll supergravity have n = 2, 3, 4, 5. Calabi-Yau 
manifolds are complex manifolds, with complex structure J, and admit a no- where 
vanishing holomorphic (n, 0)-form fi. The Kahler form, which we also denote by 
J, is obtained by lowering an index on the complex structure. In an orthonormal 
frame we can take 

J = e 12 + e 34 + ... +e (2„-l)(2n) 

(2.21) fl = (e 1 +ie 2 )(e 3 + «e 4 )...(e 2 "- 1 + ie 2n ) . 

Both J and ft are covariantly constant and this is equivalent to the vanishing of 
the exterior derivative of the Kahlcr-form and the holomorphic (n, 0)-form: 

(2.22) dJ = dn = . 

These manifolds have a covariantly constant complex chiral spinor p. The complex 
conjugate of this spinor is also covariantly constant. For n = 2,4 the conjugate 
spinor has the same chirality, while for n = 3, 5 it has the opposite chirality. J and 
can be written in terms of the spinor p as 

J ran '^P^ ^fmnP 

(2.23) ^mi...ni2n = P "/m 1 ...m2nP • 

5p(n)-Holonomy: In d — 4n there are hyper-Kahler n-manifolds (HK n ) with 
Sp(n) holonomy. The cases relevant for D=ll supergravity have n — 1,2. These 
admit three covariantly constant complex structures J a satisfying the algebra of 
the imaginary quaternions 

(2.24) J a -J b = -S ab + e abc J c . 

If we lower an index on the J a we obtain three Kahlcr-forms and the condition for 
Sp(n)-holonomy is equivalent to their closure: 

(2.25) d.J a = . 

Note that when n = 1, since Sp(l) = SU(2), four dimensional hyper-Kahler man- 
ifolds are equivalent to Calabi-Yau two-folds. From the CY-i side, the extra two 
complex structures are obtained from the holomorphic two-form via SI = J 2 + iJ 1 . 
The remaining case of interest for D=ll supergravity is eight-dimensional hyper- 
Kahler manifolds when n — 2. In this case, in an orthonormal frame we can take 
the three Kahler forms to be given by 



(2.26) 



Each complex structure J a has a corresponding holomorphic (4, 0) form given by 

n 1 = \ J 3 A J 3 - \ J 2 A J 2 + iJ 2 A J 3 
(2.27) n 2 = \ J 1 A J 1 - \ J 3 A J 3 + iJ 3 A J 1 

£1 3 = \,J 2 A J 2 — \,J X A J 1 + iJ 1 A J 2 . 



J 1 


-e 12 - 


he 34 - 


he 56 - 


he 78 


J 2 


= e 14 - 


he 23 - 


he 58 - 


he 67 


J 3 


= e 13 - 


he 42 - 


He 57 - 


he 86 
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These manifolds have three covariantly constant Spin(8) spinors of the same chi- 
rality p a , a = 1, 2, 3. The three Kahler forms can be constructed as 

Jmn = —P2lmnP3 

(2-28) J^„ = -p 3 7m«Pi 

J mn = -PHmnP2 ■ 

In addition to these basic irreducible examples we can also consider Md to be 
the direct product of two manifolds. A rather trivial possibility is to consider the 
product of one of the above manifolds with a number of flat directions. Two non- 
trivial possibilities are to consider the product CY3 x CY2 with SU(3) x SU(2) 
holonomy, or the product CY% x CY 2 ' with SU(2) x SU(2) holonomy. 

We have summarised the possibilities in table 1. We have also recorded the 
amount of D=ll supersymmetry preserved by geometries of the form R 1,10_d x M<j. 
As we noted this corresponds to the total number of singlets in the decomposition 
of 32 of Spin(10, 1) into representations of H. Let us illustrate the counting for 
the d = 8 cases. The spinor representation 32 of Spin(lO, 1) decomposes into 
Spin(2, 1) x Spin(8) representations as 

(2.29) 32 ^ (2,8+) + (2,8_) , 

where the subscripts refer to the chirality of the two spinor representations of 
Spin(8). When Mg is a Spm(7)-manifold we have the further decomposition under 
Spin{7) C Spin(8) 

(2.30) 8+->7+l, 8_^8. 

The singlet corresponds to the single covariantly constant, Spin(7) invariant, spinor 
on the Spm(7)-manifold discussed above. From (|2.29[1 we see that this gives rise 
to two preserved supersymmetries and that they transform as a minimal two real 
component spinor of Spin(2, 1). This is also described as preserving N = 1 super- 
symmetry in D=3 spacetime dimensions corresponding to the R 1,2 factor. When 
Ms is Calabi-Yau under SU(4) C Spin(8) we have 

(2.31) 8+->6 + l + l, 8_^4 + 4. 

The two singlets combine to form the complex covariantly constant spinor on CY4, 
mentioned above. In this case four supersymmetries are preserved, transforming as 
two minimal spinors of Spin(2, 1), or N = 2 supersymmetry in D=3. When Mg, is 
hyper-Kahler, under Sp(2) C Spin(8) we have 

(2.32) 8+^5 + 1 + 1 + 1, 8_^4 + 4, 

and six supersymmetries are preserved, or N — 3 in D=3. Similarly, when is 
the product of two Calabi-Yau two-folds eight supersymmetries are preserved, or 
N — 4 in D=3. If we also allow tori, then when Mg is the product of a Calabi-Yau 
two-fold with T 4 , sixteen supersymmetries are preserved, or N = 8 in D=3, while 
the simple case of T 8 preserves all thirty two supersymmetries or TV = 16 in D=3. 

An important way to make contact with four-dimensional physics is to con- 
sider geometries of the form R 1 ' 3 x M7 with M-j compact. If we choose M^ to 
be T 7 then it preserves all 32 supersymmetries or N = 8 supersymmetry in D=4 
spacetime dimensions. T 3 x CY2 preserves 16 supersymmetries or N = 4 in D=4, 
S 1 x CY3 preserves 8 supersymmetries or N = 2 in D=4 and G2 preserves four 
supersymmetries or N = 1 in D=4. 
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Holonomy 


Supersymmetry 


10 


517(5) 


2 


10 


SU(3) x 517(2) 


4 


8 


Spin(7) 


2 


8 


SU(A) 


4 


8 


Sp(2) 


6 


8 


5/7(2) x SU{2) 


8 


7 


G 2 


4 


6 


SU(3) 


8 


4 


SU(2) 


16 



Table 1. Manifolds of special holonomy and the corresponding 
amount of preserved supersymmetry. 



N = 1 supersymmetry in four spacetime dimensions has many attractive phe- 
nomenological features and this is the key reason for the recent interest in manifolds 
with G*2 holonomy. As discussed in Acharya's lectures at this school, it is important 
to emphasise that the most interesting examples from the physics point of view are 
not complete. In addition one can use non-compact Gi holonomy manifolds very 
effectively to study various quantum field theories in four spacetime dimensions 
(see e.g. [9]). 

Another important class of examples is to consider d = 7 manifolds of the 
form 5 1 IZ% x CY3 where the Z2 action has two fixed planes. It can be shown that 
the orbifold breaks a further one half of the supersymmetries and one is again left 
with four supersymmetries in four spacetime dimensions. These configurations are 
related to the the strongly coupled limit of heterotic string theory compactified on 
CY 3 [93l f92| . 

In summary, when G — 0, geometries of the form R 1 ' 10_<i x Md preserve su- 
persymmetry when Md admits covariantly constant spinors and hence has special 
holonomy. For physical applications, Md need not be compact nor complete. In 
the next section we will consider the basic solutions with G ^ 0, the fivebrane and 
the membrane solutions. 

2.2. Membranes and Fivebranes. The simplest, and arguably the most im- 
portant supersymmetric solutions with non- vanishing four-form are the membrane 
and fivebrane solutions. Further discussion can be found in e.g. |134j . 

The fivebrane geometry is given by 

ds 2 = H- 1 / 3 [dCd&rhj] + ff 2/3 [dx'dx 1 ] 

(2.33) Gi 1 i 2 i 3 i 4 = —ce Ill2l3l4 jdjH , c = ±1 , 

where i,j = 0, 1, . . . 5, 1 = 1, . . . , 5 and H = H{x I ). This geometry preserves 1/2 of 
the supersymmetry. In the obvious orthonormal frame {-ff _1 / 6 G?£ l , H^-^dx 1 }, the 
16 Killing spinors are given by 

(2.34) e = H~ 1/12 e , 
where eo is a constant spinor, and satisfy 

(2.35) r 012345 e = ce . 



10 



JEROME P. GAUNTLETT 



Since r 012345 squares to unity and is traceless, we conclude that the geometry 
admits 16 independent Killing spinors. 

This geometry satisfies the equations of motion providing that we impose the 
Bianchi identity for G which implies that H is harmonic. If we take H to have a 
single centre 

(2.36) H = l + ^-, r 2 =1 V, 

with N positive and a§ — irl^, then the solution carries cN units of quantised 
magnetic four-form flux 

(2.37) — f G = cN , 

{2irl p ) i J S i 

with N a positive integer, consistent with l|2.10|l . When c = +1 the solution 
describes N coincident fivebranes, that are oriented along the <i£ A dt; 1 A . . . d£ 5 
plane. When c = — 1 the solution describes N coincident anti- fivebranes. Roughly 
speaking, the fivebranes can be thought of as being located at r = 0, where the 
solution appears singular. However, this is in fact a regular horizon and moreover, 
it is possible to analytically continue to obtain a completely non-singular geometry 
|78| . Thus it is not possible to say exactly where the fivebranes are located. 

In the directions transverse to the fivebrane the metric becomes asymptotically 
flat. We can thus calculate the ADM mass per unit volume, or tension, and we find 



(2.38) Tension = NT 5 , T 5 = , 

(A) l p 

where T5 is the tension of a single fivebrane (for a careful discussion of numerical 
co-efficients appearing in T5 and the membrane tension T2 below, see 46 ). It is 
possible to show that the supersymmctry algebra actually implies that the tension 
of the fivebranes is fixed by the magnetic charge. This "BPS" condition is equivalent 
to the geometry preserving 1/2 of the supersymmetry. Note also that if H is taken 
to be a multi-centred harmonic function then we obtain a solution with the N 
co-incident fivebranes separated. 

It is interesting to examine the near horizon limit of the geometry of N coin- 
cident fivebranes, when r ~ 0. By dropping the one from the harmonic function in 
we get 



(2.39) ds 2 = — ^ dCdt*,,,; + [dr 2 + r^dn,] . 

where dfl^ is the metric on the round four-sphere. After a co-ordinate transforma- 
tion we can rewrite this as 



(2.40) ds 2 = R 2 



p 2 



2 



R 

^—dili 



which is just AdSr x S , in Poincare co-ordinates, with the radius of the AdSr given 

by 

(2.41) R = 2(irN) 1/3 l p . 

There are still N units of flux on the four-sphere. This geometry is in fact a 
solution to the equations of motion that preserves all 32 supersymmetries. A closely 
related fact is that the Lorentz symmetry 5*0(5, 1) of the fivebrane solution has been 
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enhanced to the conformal group SO(6, 2). The interpretation of this fact and the 
50(5) isometries of the four-sphere will be discussed in the next section. Before 
doing so, we introduce the membrane solution. 
The membrane geometry is given by 

ds 2 = H- 2 / 3 [dC^ra-j] + H 1 ' 3 [dxW] 

(2.42) C = cif _1 d£ A d^ 1 A df, c = ±1 , 

with, here, i,j = 0, 1, 2, I = 1, . . . 8 and H = H(x I ). This geometry preserves one 
half of the supersymmetry. Using the orthonormal frame {H~ 1 ^ 3 d^ 1 , iJ 1//6 cia; 7 } we 
find that the Killing spinors are given by 

(2.43) e = tf- 1/6 e , 
where eo is a constant spinor, and satisfy the constraint 

(2.44) r 012 e = ce . 

Since r 012 squares to unity and is traceless, we conclude that the geometry admits 
16 independent Killing spinors. 

This geometry solves all of the equations of motion providing that we impose 
the four-form equation of motion. This implies that the function H is harmonic. 
Now take H to be 



(2.45) H = 1 



a 2 N 2 _ i i 



with N a positive integer and a 2 — 327r 2 /p. The solution carries cN- units of 
quantised electric four-form charge: 

When c = ±1, the solution describes N coincident (anti-) membranes oriented along 
the d£° A d^ 1 A d£ 3 plane. Transverse to the membrane the solution tends to flat 
space, and we can thus determine the ADM tension of the membranes. We again 
find that it is related to the charge as dictated by supersymmetry 

(2.47) Tension = NT 2 , T 2 = — ±— , 

(2tt) 2 ^ 

where T 2 is the tension of a single membrane. If the harmonic function is replaced 
with a multi-centre harmonic function we obtain a solution with the membranes 
separated. 

The solution describing TV co-incident membanes appears singular at r f=a 0, but 
one can in fact show that this is a horizon. The solution can be extended across 
the horizon and one finds a timelike singularity inside the horizon (see e.g. |134j ). 
which can be mapped onto a membrane source with tension T 2 . To obtain the near 
horizon geometry, r » 0, we drop the one in the harmonic function (|2.45l) . to find, 
after a co-ordinate transformation, 



(2.48) ds 2 = R 2 



dCd^rjij + dp 2 
P 2 



AR 2 dn 7 , 



which is simply the direct product AdSi x S 7 with the radius of AdSi given by 



J2\ 1/6 



(2.49) '/ 
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There are still TV-units of flux on the seven-sphere. This configuration is itself a 
supersymmetric solution preserving all 32 supersymmetries. The 50(2, 1) Lorentz 
symmetry of the membrane solution has been enhanced to the conformal group 
50(3, 2) and the seven sphere admits an SO (8) group of isometries. 

This concludes our brief review of the basic planar membrane and fivebrane 
solutions. There is a whole range of more general solutions describing the intersec- 
tion of planar membranes and fivebranes, and we refer to the reviews |64L 1133 for 
further details. 



3. AdS/CFT Correspondence 

In the last section we saw that D=ll supergravity admits supersymmetric solu- 
tions corresponding to N co-incident membranes or co-incident fivebranes, and that 
in the near horizon limit the metrics become AdS± x S 7 or AdSj x S 4 , respectively. 
The famous conjecture of Maldacena [1.08 states that M-theory on these back- 
grounds is equivalent to certain conformal field theories in three or six spacetime 
dimensions, respectively. For a comprehensive review of this topic, we refer to 
but we would like to make a few comments in order to motivate the construction 
of the supersymmetric solutions of D=ll supergravity presented in later sections. 

The best understood example of the AdS/CFT correspondence actually arises 
in type IIB string theory, so we first pause to introduce it. The low-energy limit of 
type IIB string theory is the chiral type IIB supergravity |13 II 197] . The bosonic 
field content of the supergravity theory consists of a metric, a complex scalar, a 
complex three-form field strength and a self-dual five-form field strength. The 
theory admits a 1/2 supersymmetric three-brane, called a D3-brane. The metric of 
the corresponding supergravity solution is given by 

(3.1) ds 2 = H~ l >/C </;"' '/,..* + H [dx'dx 1 ] , 

where i,j = 0, 1,2, 3, /, J = 1, . . .6 and H = H^x 1 ) is a harmonic function. If we 
choose 

(3.2) H = 1 + ^L, 

with N a positive integer, and some constant with dimensions of length squared, 
then the solution corresponds to N co- incident D3-branes. The only other non- 
vanishing field is the self-dual five- form and the solution, for suitably chosen 0:3, 
carries N units of flux when integrated around a five-sphere surrounding the D3- 
branes. In the near horizon limit, r « 0, we get AdSs x S 5 , with equal radii. 

The boundary of AdS§ is the conformal compactification of four-dimensional 
Minkowski space, M4. The AdS/CFT conjecture states that type IIB string theory 
on AdS<z, x S 5 is equivalent (dual) to N = 4 supersymmetric Yang-Mills theory 
with gauge group SU(N) on M4. This quantum field theory is very special as it 
has the maximal amount of supersymmetry that a quantum field theory can have^ 
Moreover, it is a conformal field theory (CFT), i.e. invariant under the conformal 
group. The AdS/CFT correspondence relates parameters in the field theory with 
those of the string theory on AdS$ x S 5 . It turns out that perturbative Yang-Mills 
theory can be a good description only when the radius R of the AdS$ is small, while 
supergravity is a good approximation only when R is large and N is large. The 
fact that these different regimes don't overlap is a key reason why such seemingly 
different theories could be equivalent at all. 
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The natural objects to consider in a conformal field theory are correlation func- 
tions of operators. A precise dictionary between operators in the conformal field 
theory and fields (string modes) propagating in AdS^ is given in |84l I139| . More- 
over, in the supergravity approximation, correlation functions of the operators are 
determined by the dependence of the supergravity action on asymptotic behaviour 
of the fields on the boundary. For example, the conformal dimensions of the oper- 
ators is determined by the mass of the fields. 

It remains very unclear how to prove the AdS/CFT conjecture. Neverthe- 
less, it has now passed an enormous number of tests. Amongst the simplest is to 
compare the symmetries on the two sides. Af = 4 super Yang-Mills theory has 
an internal 50(6) "R-symmetry" and is invariant under the conformal group in 
four-dimensions, 50(4, 2). But 50(4,2) x 50(6) are precisely the isometries of 
AdS§ x S 5 . Moreover, after including the supersymmetry, we find that both sides 
are invariant under the action of the supergroup SU (2, 2|4) whose bosonic subgroup 
is 50(4,2) x 50(6). 

Let us now return to the near horizon geometries of the membrane and five- 
brane. For the membrane, it is conjectured that M-theory on AdS^ x 5 7 with 
./V units of flux on the seven-sphere is equivalent to a maximally supersymmet- 
ric conformal field theory on the conformal compactification of three-dimensional 
Minkowski space, the boundary of AdS^. More precisely this conformal field the- 
ory is the infra-red (low-energy) limit of N — 8 super- Yang-Mills theory with gauge 
group SU(N) in three dimensions. It is known that this theory has an 50(8) 
R-symmetry. For this case, the 50(3, 2) x 50(8) isometries of AdSi x 5 7 cor- 
respond to the conformal invariance and the R-symmetry of the conformal field 
theory. After including supersymmetry we find that both sides are invariant under 
the supergroup 05p(8|4). 

For the fivebrane, it is conjectured that M-theory on AdSj x 5 4 with N units 
of flux on the four-sphere is equivalent to a maximally supersymmetric chiral con- 
formal field theory on the conformal compactification of six-dimensional Minkowski 
space, the boundary of AdS?. This conformal field theory is still rather mysteri- 
ous and the AdS/CFT correspondence actually provides a lot of useful information 
about it (assuming the correspondence is valid!). The 50(6, 2) x 50(5) isometries 
of AdSr x 5 4 correspond to the conformal invariance and the 50(5) R-symmetry 
of the field theory. After including supersymmetry we find that both sides are 
invariant under the supergroup 05p(6, 2|4). For the membrane and fivebrane ex- 
amples, when N is large, the radius the AdS spaces are large and M-theory is well 
approximated by D=ll supergravity. 

Much effort has been devoted to further understanding and generalising the 
AdS/CFT correspondence. Let us briefly discuss some of the generalisations that 
have been pursued, partly to put the solutions we will construct later into some 
kind of context, and partly as a rough guide to some of the vast literature on the 
subject. 

The three basic examples of the AdS/CFT correspondence relate string/M- 
theory on AdSd+i X sphere geometries to conformally invariant quantum field the- 
ories in d=3,4 and 6 with maximal supersymmetry. One direction is to find new 
supersymmetric solutions of supergravity theories that are the products, possibly 
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warped 1 , of AdSd+i with other compact spaces, preserving less than maximal su- 
persymmetry. Since the isometry group of AdSd+i is the conformal group, this in- 
dicates that these would be dual to new superconformal field theories in d spacetime 
dimensions. Non-supersymmetric solutions with AdS factors are also of interest, 
as they could be dual to non-supersymmetric CFTs. However, one has to check 
whether the solutions are stable at both the perturbative and non-perturbative 
level, which is very difficult in general. By contrast, in the supersymmetric case, 
stability is guaranteed from the supersymmetry algebra. The focus has thus been 
on supersymmetric geometries with AdS factors. 

One class of examples, discussed in [1031 [2 ], ll 14j . is to start with the fivebranc, 
membrane or D3-brane geometry Ij2.33|) . (|2.42(l or (|3.1|) . respectively, and observe 
that if the flat space transverse to the brane is replaced by a manifold with special 
holonomy as in table 1, and the associated flux left unchanged, then the resulting 
solution will still preserve supersymmetry but will preserve, in general, a reduced 
amount. Now let the special holonomy manifold be a cone over a base X , i.e. let 
the metric of the transverse space be 

(3.3) dr 2 + r 2 ds 2 (X) , 

X must be Einstein and have additional well known properties to ensure that 
the metric has special holonomy. For example a five dimensional X should be 
Einstein-Sasaki in order that the six-dimensional cone is Calabi-Yau. Apart from 
the special case when X is the round sphere these spaces have a conical singularity 
at r = 0. To illustrate this construction explicitly for the membrane, one replaces 
the eight-dimensional flat space transverse to the membrane in l|2.42|l with an eight- 
dimensional cone with special holonomy: 

(3.4) ds 2 = H- 2/3 [dC^rjij] + H 1/3 [dr 2 + r 2 ds 2 {X)} , 

where H = 1 + a>2N/r 6 , as before. Clearly this can be interpreted as N co-incident 
membranes sitting at the conical singularity. By considering the near horizon limit 
of l|3.4|) . r « 0, one finds that it is now the direct product AdS 4 x X and this 
provides a rich class of new AdS/CFT examples. 

Another generalisation is to exploit the fact that the maximally supersymmetric 
conformal field theories can be perturbed by certain operators. In some cases, 
under renormalisation group flow, these quantum theories will flow in the infra-red 
(low-energies) to new super-conformal field theories, with less supersymmetry. It is 
remarkable that corresponding dual supergravity solutions can be found. Given the 
dictionary between operators in the conformal field theory in d dimensions and fields 
in AdSd+i mentioned above, the perturbation of the conformal field theory should 
correspond to dual supergravity solutions that asymptotically tend to AdSd+i in a 
prescribed way. Now on rather general grounds it can be argued that this AdSd+i 
boundary corresponds to the ultra-violet (UV) of the dual perturbed conformal 
field theory and that going away from the boundary into the interior, corresponds 
to going to the infra-red (IR) in the dual quantum field theory |136j . This can be 
seen, for example, by studying the action of the conformal group on AdSd+i and 
on the correlation functions in the d-dimensional conformal field theory. Thus if 
the perturbed conformal field theory is flowing to another conformal field theory 
in the IR, we expect that there should be supergravity solutions that interpolate 



A warped product of two spaces with co-ordinates x and y corresponds to a metric of the 
form f(y)ds 2 (x) + ds 2 (y), for some function f(y). 
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from the perturbed AdS boundary to another AdS region in the interior. Indeed 
such solutions can be found (see for example [1021 1591 [T26 ) . 

The above examples concern gravity duals of superconformal field theories or 
flows between superconformal field theories. Another way to generalise the cor- 
respondence is to find supergravity solutions that are dual to non-conformal field 
theories. For example, one might study perturbed superconformal field theories 
that flow in the infra-red to non-conformal phases, such as Coulomb, Higgs and 
confining phases. The corresponding dual supergravity solutions should still have 
an asymptotic AdSd+i boundary, describing the perturbed conformal field theory, 
but they will no longer interpolate to another AdSd+i region but to different kinds 
of geometry dual to the different phases. For an example of these kinds of solutions 
see |125| . Often the geometries found in the IR are singular and further analysis 
is required to determine the physical interpretation. 

The generalisation we will discuss in the rest of the lectures was initiated by 
Maldacena and Nunez |110j . The idea is to construct supergravity solutions de- 
scribing branes wrapping calibrated cycles in manifolds of special holonomy, in the 
near horizon limit. The next section will explain the background for attempting 
this, and in particular why such configurations preserve supersymmetry. The sub- 
sequent section will describe the construction of the solutions using the technical 
tool of gauged supergravity. The D=ll solutions describing wrapped membranes 
and fivebranes and the D=10 solutions describing wrapped D3-branes provide a 
large class of solutions with dual field theory interpretations. The simplest, and 
perhaps most important, solutions are warped products of AdS spaces, cycles with 
Einstein metrics and spheres. The presence of the AdS factor for these solutions 
implies that they provide a large class of new AdS/CFT examples. In addition, as 
we shall discuss, there are more complicated solutions that describe flows from a 
perturbed AdS boundary, describing the UV, to both conformal and non-conformal 
behaviour in the IR. 

Type IIB string theory also contains NS fivebranes. In the discussion section we 
will briefly discuss how supergravity solutions describing NS fivebranes wrapped on 
calibrated cycles can be used to study non-conformal field theories. A particularly 
interesting solution (see also [33 ) gives rise to a dual quantum field theory 

that has many features of Af = 1 supersymmetric Yang-Mills theory in four dimen- 
sions. This is a very interesting theory as it has many features that are similar to 
QCD. Two other interesting ways of studying Af — 1 supersymmetric Yang-Mills 
theory in four dimensions can be found in |104| and |128| . Related constructions 
with Af — 2 supersymmetry can be found in 1691 1221 1201 1127j (for reviews see 
[31 1191 I21| ). The explicit regular solutions found in |104j are examples of a more 
general construction discussed in [42j (see [40j for a review). 

4. Brane worldvolumes and calibrations 

The supergravity brane solutions that were presented in section 2 describe static 
planar branes of finite tension and infinite extent. Physical intuition suggests that 
these branes should become dynamical objects if they are perturbed. Moreover, 
we also expect that branes with different topologies should exist. On the other 
hand it is extremely difficult to study these aspects of branes purely from the 
supergravity point of view. Luckily, there are alternative descriptions of branes 
which can be used. In this section we will describe the low-energy world-volume 
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description of branes. Essentially, this is a probe-approximation in which the brancs 
are taken to be very light and hence propagate in a fixed background geometry 
with no back reaction. We will use this description to argue that branes can wrap 
calibrated cycles in manifolds of special holonomy while preserving supersymmetry 
|12l 1131 1731 179) . This then provides the motivation to seek D=ll supergravity 
solutions that describe a large number of such wrapped branes, when the back 
reaction on the geometry will be very significant. We will construct the solutions in 
the next section in the near horizon limit, which is the limit relevant for AdS/CFT 
applications. 

It will be useful to first review some background material concerning calibra- 
tions on manifolds of special holonomy, before turning to the brane world-volume 
theories. 

4.1. Calibrations. A calibration |90| on a Riemannian manifold M is a p- 
form ip satisfying two conditions: 

dip = 

(4.1) <p\ & < Voiy, V£ p , 

where £ p is any tangent p-plane, and Vol is the volume form on the cycle induced 
from the metric on M. A p-cycle E p is calibrated by ip if it satisfies 

(4-2) ^| Sp - Vol\v p . 

A key feature of calibrated cycles is that they are minimal surfaces in their homology 
class. The proof is very simple. Consider another cycle £' such that £ — £' is the 
boundary of a p + 1-dimensional manifold S. We then have 

(4.3) Vol(E)= I <p= I d(f+ I ip= I ip<Vol{Z'). 

The first equality is due to £ being calibrated. The second equality uses Stoke's 
theorem. The remaining steps use the closure of tp and the second part of the 
definition of a calibration. 

We will only be interested in calibrations that can be constructed as bi-linears 
of spinors, for reasons that will become clear soon. The general procedure for such 
a construction was first discussed in |44l I89j . In fact all of the special holonomy 
manifolds that we discussed earlier have such calibrations. We now summarise 
the various cases, noting that the the spinorial construction and the closure of the 
calibrations was already presented in section 2. That the calibrations also satisfy 
the second condition in (f 4 . 1 11 was shown, for almost all cases, in [90] : it is also 
straightforward to establish using the spinorial construction. 

On Spin (7)-holonomy manifolds the Cayley four- form \& is a calibration and 
the 4-cycles calibrated by 4" are called Cayley 4-cycles. 

G2-holonomy manifolds have two types of calibrations, <j) and *0. The former 
calibrates associative 3-cycles, while the latter calibrates co-associative 4-cycles. 

Calabi-Yau n-folds generically have two classes of calibrations. The first class 
is the Kahler calibrations given by ^ J n where the wedge product is used. These 
calibrate even 2n-dimensional cycles and this is equivalent to the cycles being holo- 
morphic. The second type of calibration is the special Lagrangian (SLAG) cali- 
bration given by the real part of the holomorphic n-form e f2, where the constant 
£ S 1 , and these calibrate special Lagrangian n-cycles. Recall that for our purposes 
n = 2,3, 4, 5. When n = 2, there is no real distinction between SLAG and Kahler 
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2-cycles since the cycles that are Kahler with respect to one complex structure are 
SLAG with respect to another (recall that CY2 — HK\). When n — 4 there are also 
4-cycles that are calibrated by \ J 2 + Re(e ie il) - these are in fact Cay ley 4-cycles 
if we view the Calabi-Yau four-fold as a special example of a S'pm(7)-manifold. 

Hyper-Kahler manifolds in eight dimensions are special cases of Calabi-Yau 
four-folds. They thus admit Kahler and special Lagrangian calibrations with respect 
to each complex structure. They also admit Cayley calibrations as just described. In 
addition there are quaternionic calibrations 45 that calibrate quaternionic 4-cycles 
which arc Kahler with respect to all three complex structures: Vol = ^(J 1 ) 2 = 
\{J 2 ) 2 = |(J 3 ) 2 , when restricted to the cycle. For example, with respect to the 
hyper-Kahler structure (|2.26|l . we see that e 1234 is a quaternionic 4-cycle 2 . Of 
more interest to us will be the complex-Lagrangian (C-Lag) calibrations |45| which 
calibrate 4-cycles that are Kahler with respect to one complex structure and special 
Lagrangian with respect to the other two: for example, Vol = ^(J 1 ) 2 = i?e(fi 2 ) = 
— Re(£l 3 ) when restricted to the cycle. Referring to (|2.2ti|) and (|2.27f) we see that 
e 1256 is an example of such a C-Lag 4-cycle. 

In constructing supergravity solutions describing branes wrapping calibrated 
cycles in the next section, it will be very important to understand the structure of 
the normal bundle of calibrated cycles Let us summarise some results of Mclean 
|113| . The tangent bundle of the special holonomy manifold restricted to the cycle, 
splits into the tangent bundle of the cycle plus the normal bundle 

(4.4) r(M)| E = T(£)©AT(£) . 

In some, but not all cases, the normal bundle, N(H), is intrinsic to E. Given a 
calibrated cycle, one can also ask which normal deformation, if any, is a normal 
deformation through a family of calibrated cycles. 

A simple case to describe are the special Lagrangian cycles, where iV(E) is 
intrinsic to £. It is not difficult to show that on a special Lagrangian cycle, the 
Kahler form, J, restricted to E vanishes. Thus, for any vector field V on E we 
have that JijV J are the components of a one- form on E which is orthogonal to all 
vectors on E. In other words, J l jV^ defines a normal vector field. Hence iV(E) is 
isomorphic to T(E). 

In addition, the normal deformation described by the vector V is a normal 
deformation through the space of special Lagrangian submanifolds if and only if 
the one form with components JijV J is harmonic. Thus if E is compact, the 
dimension of the moduli space of special Lagrangian manifolds near E, is given by 
the first Bctti number, /3 X (E) = dim[iJ 1 (E, R)]. In particular if (3 1 — 0, then E has 
no harmonic one-forms and hence it is rigid as a special Lagrangian submanifold. 

Next consider co-associative 4-cycles in manifolds of G2 holonomy, for which 
7V(E) is also intrinsic to E. In fact iV(E) is isomorphic to the bundle of anti-self- 
dual two- forms on E. A normal vector field is a deformation through a family of co- 
associative 4-cycles if and only if the corresponding anti-self-dual two-form is closed 
and hence harmonic. Thus if E is compact the dimension of the moduli space of co- 
associative 4-cycles near E, is given by the Betti number, /3 2 (E) = dim[H^_ (E,R)]. 
In particular if 0z_ = 0, then E is rigid as a co-associative submanifold. 



2 Supergravity solutions describing fivebranes wrapping quaternionic 4-cycles in R 8 , which 
are necesarrily linear 1451 . were constructed in 11201 [T2l) , 
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The normal bundle of associative 3-cycles in manifolds of G2 holonomy are not 
intrinsic to £ in general. The normal bundle is given by 5* ® V where S is the spin 
bundle of £ (oriented three-manifolds are always spin) and V is a rank two SU (2) 
bundle. In other words the normal directions are specified by two-dimensional 
spinors on £ that carry an additional SU (2) index. A normal vector field gives a 
deformation through a family of associative 3-cycles if and only if the corresponding 
twisted spinor is harmonic i.e. in the kernel of the twisted Dirac operator. In the 
special case that the bundle V is trivial, the spinor must be harmonic. For example, 
if £ is an associative three-sphere and V is trivial, as in the G2 manifold constructed 
in 28j, then it is rigid. 

The deformation theory of Cayley 4-cycles in manifolds of Spin(7) holonomy 
has a similar flavour to the associative 3-cycles. The normal bundle is given by 
S- (E> V where <SL is the bundle of spinors of negative chirality on £ and V is a rank 
two SU(2) bundle. Although not all 4-cycles admit a spin structure, all Cayley 
4-cycles admit such twisted spinors. A normal vector field gives a deformation 
through a family of Cayley-cycles if and only if the corresponding twisted spinor is 
harmonic i.e. in the kernel of the twisted Dirac operator. In the special case that 
the bundle V is trivial the spinor must be harmonic. For example, if E is a Cayley 
four-sphere and V is trivial, as in the Spin(7) manifold constructed in |28| . then it 
is rigid. 

Finally, let us make some comments concerning the Kahler cycles. These cy- 
cles reside in Calabi-Yau manifolds M which have vanishing first Chern-Class, 
ci[T(M)] = 0. Since ci[T(M)| s ] = c\ [T(£)] + c\ [AT(£)] we conclude that in general 

(4.5) d[JV(E)] = -d[T(E)] . 

If one considers the special case that E is a divisor i.e. a complex hypersurface 
(i.e. real co-dimension two), then AT(£) is intrinsic to E. Indeed one can show that 
AT(E) = K (E) where K(E) is the canonical bundle of E. 

4.2. Membrane world- volume theory. Let us now turn to the world-volume 
theory of branes beginning with membranes |15L 116) . We will consider the mem- 
branes to be propagating in a fixed D=ll geometry which is taken to be a bosonic 
solution to the equations of motion of D=ll supergravity, with metric g and three- 
form C. The bosonic dynamical fields are maps x fl (a) from the world- volume of 
the membrane, W, to the D=ll target space geometry. If we let a 1 be coordinates 
on W with i = 0, 1, 2, and x M be co-ordinates on the D=ll target geometry with 
/i = 0, 1, . . . , 10, the reparametrisation invariant action is given by 

(4.6) S = T 2 f d^l-detd^d^g^ix)] 112 + ^ k d l x^d J x^d k x^C^^ 3 . 

The first term is just the volume element of the pull back of the metric to the world- 
volume and is called the Nambu-Goto action. The second term arises because the 
membrane carries electric four-form charge; it generalises the coupling of an electri- 
cally charged particle to a vector potential. The full action also includes fermions 
and is invariant under supersymmetry when the D=ll target admits Killing spinors. 
The supersymmetry of brane-world volume theories is actually quite intricate, but 
luckily we will not need many of the details. The reason is similar to the reason 
that we didn't need to discuss such details for D=ll supergravity. Once again, 
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our interest is bosonic solutions to the equations of motion that preserve some su- 
persymmetry. For such configurations, the supersymmetry variation of the bosonic 
fields automatically vanishes, and hence one only needs to know the supersymmetry 
variation of the fermions, and this will be mentioned later. 

To get some further insight, consider static bosonic D=ll backgrounds with 
vanishing three-form, C — 0,and write the metric as 

(4.7) ds 2 = -dt 2 + g MN dx M dx N , 

where M, N = 1, 2, . . . , 10. If we substitute this into (|4.6|l and partially fix the 
reparametrisation invariance by choosing er° = t the membrane action gives rise to 
the energy functional 

(4.8) E = T 2 [ d 2 a[m ab ] 1/2 , 

Jw 

where a, b = 1, 2, W' is the spatial part of the world- volume, and m ab is the spatial 
part of the induced world- volume metric given by 

(4.9) m ab = d a x M d b x N g M N ■ 

In other words, the energy is just given by the tension of the membrane times the 
spatial area of the membrane. Now, static solutions to the equations of motion 
minimise the energy functional. Thus static configurations minimise the area of 
the membrane, which implies that the spatial part of the membrane is a minimal 
surface. This is entirely in accord with expectations: the tension of the membrane 
tends to make it shrink. It should be noted that the minimal surfaces can be 
of infinite extent: the simplest example being an infinite flat membrane in D=ll 
Minkowski space. Of most interest to us will be membranes wrapping compact 
minimal surfaces. 

Let us further restrict to background geometries of the form M 1,10 ^ x Mg 
with vanishing three-form that preserve supersymmetry. In other words Md has 
special holonomy as discussed in section 2. The membrane world- volume theory is 
supersymmetric with the number of supersymmetries determined by the number of 
Killing spinors. Static membrane configurations that preserve supersymmetry wrap 
cycles called supersymmetric cycles. We now argue that supersymmetric cycles are 
equivalent to calibrated cycles with the associated calibration being constructed 
from the Killing spinors. 

In order that a bosonic world-volume configuration be supersymmetric the 
supersymmetry variation of the fermions must vanish. Given the explicit super- 
symmetry variations, it is simple to show this implies that |12j 

(4.10) (l-r)e = 0, 

where e is a D=ll Killing spinor and the matrix Y is given by 

1 



Vdeti 



i 



(4.11) 7 = [^e ab d a x M d b x N l M: , 

where [Tjy, rjv]+ = 2gMN- The matrix T satisfies r 2 = 1 and is hermitian = T. 
We now calculate 

(4.12) et (i_£) e = e t (i_£) e = I, (i_£) £ || 2 > o . 
\ / 2 2 2 " 2 11 ~ 
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We thus conclude that e^e > e'Te with equality if and only (1 — T)e = which 
is equivalent to the configuration being supersymmetric. The inequality can be 
rewritten 



(4.13) Vdet m > e t r°7e = -676 . 
Thus the two-form defined by 

(4.14) <p = -LeT MN edx M A dx N , 

satisfies the second condition in l|4.1|) required for a calibration. One can argue 
that the supersymmetry algebra |88! implies that it is closed and hence is in fact a 
calibration (we will verify this directly in a moment). Moreover, the inequality is 
saturated if and only if the membrane is wrapping a supersymmetric cycle, and we 
see that this is equivalent to the cycle being calibrated by ({4.14(1 . 

The only two-form calibrations on special holonomy backgrounds are Kahler 
calibrations, and indeed ip is in fact equal to a Kahler two-form on the background. 
To see this very explicitly and to see how much supersymmetry is preserved when 
a membrane wraps a Kahler 2-cycle, first consider the D=ll background to be 1 x 
CY5. We noted earlier that this background preserves two D=ll supersymmetries: 
in a suitable orthonormal frame, the two covariantly constant D=ll spinors can be 
taken to satisfy the projections (see, for example, the discussion in appendix B of 

my 

(4 15) pl234 £ _ p3456 £ _ p5678 £ _ _p78910 £ _ _ £ 

Note that these imply that r 012 e = e. Substituting either of these spinors into 
(14.14(1 we find that p is precisely the Kahler calibration on CY5: 

(4.16) ip = J — e 12 + e 34 + e 56 + e 7s - e 910 . 

Consider now a membrane wrapping a Kahler 2-cycle in CI5, i.e. it's worldvolume 
is R x £ with £ C CY 5 . To be concrete, consider Vol(E) = e 12 | s . We then 
find that the supersymmetry condition 1(4.10(1 implies that r 012 e = e, which is 
precisely the projection on the spinors that we saw in the supergravity solution for 
the membrane ((2.44(1 . For this case we see that this projection does not constrain 
the two supersymmetries satisfying ((4.15(1 further and thus a membrane can wrap 
a Kahler 2-cycle in a CI5 "for free". Clearly if we wrapped an anti-membrane, 
satisfying r 012 e = — e, there would be no surviving supersymmetry 3 . Let us now 
consider the background to be R x CY4 x R 2 . This preserves four supersymmetries 
satisfying projections which we can take to be 

(4 17) pl234 £ _ p3456 £ _ p5678 £ _ = pp78910 £ _ _ £ 

Two of these satisfy r 012 e = e and two satisfy r 012 e = — e. After substituting into 
((4.14(1 they give rise to two Kahler forms on CY4 x R 2 : 

(4.18) p = J = e 12 + e 34 + e 56 + e 78 T e 910 . 

If we now wrap the membrane on a Kahler 2-cycle with VoI(Yj) — e 12 |s, then 
we see that the supersymmetry condition 1(4.10(1 . r 012 e = e, preserves two of the 
supersymmetries. Similarly, if we wrapped an anti-membrane satisfying r 012 e = — e 
it would also preserve two supersymmetries. 



"^Note that if we change the orientation by switching e 10 — » — e 10 , then 14.151 would assume 
a more symmetric form and we would find that we could wrap an anti-membrane along S for free. 
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The amount of supersymmetry preserved by any brane wrapping a calibrated 
cycle in a special liolonomy background can be worked out in a similar way: one 
considers a convenient set of projections for the background geometry and then 
supplements them with those of the wrapped brane (or anti- brane). In almost all 
cases, wrapping the brane breaks 1/2 of the supersymmetries preserved by the spe- 
cial holonomy background. We have summarised the possibilities for the membrane 
in table 2. 



Calibration 


World- Volume 


Supersymmetry 


Kahler 


lx(S 2 c CY 2 ) 


8 


M x (£ 2 C CY 3 ) 


4 


lx(S 2 C CY 4 ) 


2 


lx(S 2 c CY 5 ) 


2 



Table 2. The different ways in which membranes can wrap cali- 
brated cycles and the amount of supersymmetry preserved. 



The action l|4.6|l describes the dynamics of a membrane propagating in a fixed 
D=ll supergravity background. Such a membrane is often called a "probe mem- 
brane" . Of course, the dynamics of the membrane will back react on the geometry, 
and so one should really supplement the D=ll supergravity action with the world- 
volume action: 

(4.19) S = Sd=u + S W v ■ 

If there are many coincident membranes then this back reaction could be large. 

We have been emphasising the geometric aspects of the membrane world- 
volume theory. The world-volume theory is also a quantum field theory. To 
gain some insight into this aspect, let us restrict the target geometry to be D=ll 
Minkowski space and the world- volume to be M 1 ' 2 . Now fix the reparametrisation 
invariance completely by setting er° = t, a 1 = x 1 , er 2 = x 2 . We can then expand the 
determinant to get 

(4.20) S = T 2 J d 3 a(-^d a x I d a x I + fermions + . . . ) , 

where we have dropped an infinite constant and the dots refer to higher derivative 
terms. The eight scalar fields describe the eight transverse fluctuations of the 
membrane. After quantisation, this action gives a three-dimensional quantum field 
theory, with eight scalar fields plus fermions, that preserves 16 supersymmetries or 
N = 8 supersymmetry in three dimensions. This quantum field theory is interacting 
with gravity, via l|4.19l) . but if we take the limit, l p — ► 0, it decouples from gravity. 
In other words, in this decoupling limit we get a three-dimensional quantum field 
theory living on the world-volume of the membrane. When there are N coincident 
branes, the quantum field theory is much more complicated. There is a piece 
describing the centre of mass dynamics of the branes given by (I4.20|) with T 2 — > NT 2 
and there is another piece describing the interactions between the membranes. This 
latter theory is known to be a superconformal field theory that arises as the IR limit 
of N — 8 supersymmetric Yang-Mills theory in three dimensions. Recall that this is 
precisely the superconformal field theory that is conjectured to be dual to M-theory 
on AdSi xS 7 . 
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The important message here is that the supergravity solution describing the 
membranes in the near horizon limit, AdS/± x S 7 , is conjectured to be equivalent to 
the quantum field theory arising on the membrane world-volume theory, in a limit 
which decouples gravity. 

Now consider a more complicated example. Take the D=ll background to be 
of the form R 1,6 x CY2 with a probe membrane wrapping a Kahler 2-cycle E c CY2. 
i.e. the world- volume of the membrane is R x (S C CY2). There is again a quantum 
field theory living on the brane interacting with gravity. In the decoupling limit, 
l p — ► and keeping the volume of E fixed, we get a supersymmetric quantum 
field theory on 1 x S. If E is compact, the low-energy infra-red (IR) limit of this 
quantum field theory, corresponds to length scales much larger than the size of E. 
In this IR limit the quantum field theory on R x E behaves like a quantum field 
theory on the time direction R, which is just a quantum mechanical model. 

If we could construct a supergravity solution describing membranes wrapping 
such Kahler 2-cycles, in the near horizon limit, we would have an excellent candi- 
date for an M-theory dual for this quantum field theory on R x E. Moreover, if 
the supergravity solution has an AdS2 factor, it would strongly indicate that the 
corresponding dual quantum mechanics, arising in the IR limit, is a superconformal 
quantum mechanics. These kind of supergravity solutions have been found 7(J| and 
the construction will be described in the next section. 

It is worth making some further comments about the quantum field theory on 
R x E. For a single membrane the physical bosonic degrees of freedom describe 
the transverse deformations of the membrane. In the case of a membrane with 
world-volume R 1,2 in R 1,10 we saw above in H4.20[) that there are eight scalar fields 
describing these deformations. Geometrically, they are sections of the normal bun- 
dle, which is trivial in this case. Now consider, for example, a membrane with 
world- volume R x (E C CY2). There are six directions transverse to the membrane 
that are also transverse to the CY2 and these lead to six scalar fields. There are 
also two directions transverse to the membrane that are tangent to the CY2 ■ these 
give rise to a section of the normal bundle. As we discussed earlier the normal 
deformations of a Kahler 2-cycle E C CY2 (which are also SLAG 2-cycles with 
respect to another complex structure) are specified by one- forms on E. 

This "transition" from scalars to one-forms is intimately connected with the 
way in which the field theory on R x E realises supersymmetry. In particular it 
arises because the theory is coupled to external R-symmetry gauge-fields. We will 
discuss this issue again in the context of fivebranes wrapping SLAG 3-cycles, as 
this is the example we will focus on when we construct the supergravity solutions 
in the next section. 

4.3. D3-brane and fivebrane world-volume theories. Let us now briefly 
discuss the world-volume theories of the type IIB D3-brane and the M-theory five- 
brane. The D3-brane action is given by a Dirac-Born-Infeld type action that in- 
cludes a coupling to a four-form potential whose field strength is the self-dual 
five- form (see Myers' lectures for further discussion). If we consider, for simplicity, 
a bosonic type IIB background with all fields vanishing except for the metric, the 
world- volume action for a single D3-brane, with fermions set to zero, is given by 



(4.21) 




BRANES, CALIBRATIONS AND SUPERGRAVITY 



23 



The main new feature is that, in addition to the world- volume fields x M , there is 
now a U(l) gauge-field with field strength F. 

If we set F = 0, the action (|4.21|) reduces to the Nambu-Goto action. Following 
a similar analysis to that of membrane, we again find in static supersymmetric 
backgrounds of the form !L 1 ' 10 ~ d x M<j that supersymmetric cycles with F = are 
calibrated cycles. As the D3-brane has three spatial world-volume directions, there 
are now more possibilities. A D3-brane can either wrap a calibrated 3-cycle in Md, 
with world-volume R x (£3 C Md) or a Kahler 2-cycle in CY n with world-volume 
R 1 ' 1 x (£2 C CY n ). The possibilities with the amount of supersymmetry preserved 
are presented in tabled For the Kahler cases, the world-volume has an K 1 ' 1 factor 
and we have also denoted by n_) the amount d = 2 supersymmetry preserved 
on the K 1 ' 1 factor, where n + is the number of chiral supersymmetries and n_ the 
number of anti-chiral supersymmetries. 



Calibration 


World- Volume 


Supersymmetry 


Kahler 


R 1 ' 1 x (£ 2 C CY 2 ) 


8, (4,4) d=2 


R 1 ' 1 x (£ 2 c CY 3 ) 


4, (2,2) d=2 


R 1 ' 1 x (£ 2 c CY 4 ) 


2, (1,1) d=2 


SLAG 


R x (£ 3 c CY 3 ) 


4 


Associative 


R x (£ 3 c G 2 ) 


2 



Table 3. The different ways in which D3-branes can wrap cali- 
brated cycles and the amount of supersymmetry preserved. 



In order to get some insight into the field theory living on D3-brancs, consider 
the target to be D=10 Minkowski space-time, the world-volume to be R 1 ' 3 and 
fix the reparametrisation invariance by setting a — £, c 1 = x l ,a 2 — x 2 ,a 3 = x 3 . 
After expanding the determinant and dropping a constant term, we get 

(4.22) S = T 3 J d i a(--d i x I d i x I - ^FijF ij + fermions + ...)■ 

In addition to F there are six scalar fields that describe the transverse displacement 
of the D3-brane. This action is simply N = 4 super- Yang-Mills theory with gauge 
group U(l). When there are N D3-branes, it is known that the DBI action should 
be replaced by a non-abelian generalisation but its precise form is not yet known. 
However, it is known that after decoupling gravity, the leading terms give U(N) 
Af = 4 super- Yang-Mills theory. After dropping the U{\) centre of mass piece, 
we find M = 4 SU{N) Yang-Mills theory. Recall that this is the theory that is 
conjectured to be dual to type IIB string theory on AdS$ x 5 5 , which is the near 
horizon limit of the type IIB supergravity solution describing a planar D3-branc. 
Once again, the near horizon limit of the supergravity solution is dual to the field 
theory arising on the brane, and the same should apply to the near horizon limits 
of the supergravity solutions describing the wrapped D3-branes in table 

The world- volume theory of M-theory fivebranes is arguably the most intricate 
of all branes |95l 1961 11221 1101 117| . The bosonic dynamical fields are maps x^ (a) 
along with a three-form field strength iJyfe that satisfies a non-linear self-duality 
condition. If we set H = the dynamics is described by the Nambu-Goto action 
and we again find in a static supersymmetric background of the form R 1,10 ~ d x Md 
that supersymmetric cycles with H = are calibrated cycles. As the fivebrane 
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has five spatial world- volume directions, there are many possibilities which are 
summarised in table 0] We have included the amount of supersymmctry preserved 
including the number of supersymmetries counted with respect to the flat part of 
the world- volume R 1,<? when q > 1. 



Calibration 


World- Volume 


Supersymmetry 


SLAG 


R 1 - 3 x (E 2 C CY 2 ) 


8, Af=2 d=4 


R 1 ^ x (E 3 c CY 3 ) 


4, AA=2 d=3 


R ia x (E 4 C CY 4 ) 


2, (1,1) d=2 


R x (E 5 c CY 5 ) 


1 


R i,x x (E 2 c CY 2 ) x (E 2 c CY{) 


4, (2,2) d=2 


lx(S 2 c CY 2 ) x (E 3 C CY 3 ) 


2 


Kahlcr 


R 1 ' 6 x (E 2 C CY 3 ) 


4, JV=1 d=4 


R ia x (E 4 C CY 3 ) 


4, (4,0) d=2 


R ia x (E 4 c CY A ) 


2, (2,0) d=2 


C-Lag 


R ia x (E 4 C HK 2 ) 


3, (2,1) d=2 


Associative 


R 1,2 x (E 3 c G 2 ) 


2, Af=l d=3 


Co- associative 


R ia x (E 4 c G 2 ) 


2, (2,0) d=2 


Cayley 


R M x (E 4 c Spin(7)) 


1, (1,0) d=2 



Table 4. The different ways in which fivebranes can wrap cali- 



brated cycles and the amount of supersymmetry preserved. 



The six-dimensional field theory living on a single planar fivebrane has five 
scalar fields, describing the transverse fluctuations, the three-form H and fermions, 
and has a chiral (2, 0) supersymmctry. The field theory when there are N coincident 
fivebranes is not yet well understood. The AdS/CFT conjecture states that it is 
dual to M-theory propagating on AdSr x 5 4 . Recall that the field theory has an 
50(5) R-symmetry. 

In oder to construct supergravity solutions describing wrapped branes, it is very 
helpful to understand how supersymmetry is realised in the field theory living on a 
probe-brane world-volume. The details depend on which calibrated cycle is being 
wrapped and it is intimately connected to the structure of the normal bundle of 
the calibrated cycle. Let us concentrate on the case of fivebranes wrapping SLAG 
3-cycles, as this will be the focus of the next section. The field theory on the 
probe fivebrane world- volume lives on R 1 ' 2 x E 3 . In order for this field theory to be 
supersymmetric it is necessary that there is some notion of a constant spinor on E 3 . 
It is not immediately clear what this notion is, since, in general, E 3 will not have a 
covariantly constant spinor. However, the field theory living on the fivebrane with 
world-volume R 1 ' 5 C R 1 ' 10 has an internal 5*0(5) R-symmetry, coming from the 
five flat transverse directions, under which the fermions transform. The covariant 
derivative of the spinors is schematically of the form 

(4.23) (0„ + w M - A M )e , 

where u> is the spin connection and A is the 50(5) gauge connection. Now consider 
the fivebrane theory on R 1 * 2 x E 3 . If we decompose 5*0(5) 50(3) x 50(2) and 
choose the 50(3) gauge-fields to be given by the 50(3) spin connection on E 3 , 
A = w, then clearly we can have constant spinors on E 3 that could parametrise 
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the supersymmetry. This is exactly the way supersymmetry is realised for wrapped 
branes |18j . It is sometimes said that the field theory is "twisted" because of the 
similarities with the construction of topological field theories. 

Geometrically, the identification of the 50(3) C 5*0(5) gauge fields with the 
spin connection on £3 corresponds to the structure of normal bundle of a SLAG 
3-cycle. The five directions transverse to the fivebrane wrapping the SLAG 3-cycle 
consist of three directions that are tangent to the CY3 and two flat directions that 
are normal to the CY3. This is responsible for breaking the 50(5) symmetry of the 
flat fivebrane down to 5*0(3) x 50(2). We expect an 50(2) R-symmetry to survive 
corresponding to the two flat directions, and thus the 50(2) gauge fields are zero in 
the vacuum state. In section 4.1 we argued that for SLAG 3-cycles ^(£3) = T(E3) 
and this is responsible for the fact that there are non-zero 50(3) gauge-fields in 
the vacuum state and moreover, A = to. 

We can determine which external 50(5) gauge-fields are excited for fivebranes 
wrapping different supersymmetric cycles from our previous discussion of the nor- 
mal bundles of calibrated cycles. We shall mention this again in the next section 
in the context of constructing the corresponding supergravity solutions. 

4.4. Generalised Calibrations. As somewhat of an aside, we comment that 
there are more general supersymmetric cycles than those we have discussed above. 

Firstly, we only considered background geometries when the background fluxes 
(e.g. the four-form field strength G for D=ll supergravity) are all set to zero. By 
analysing supersymmetric brane configurations when the fluxes are non-zero, one 
is naturally lead to the notion of "generalised calibrations" [871 188) (see also 
The key new feature is that the exterior derivative of the generalised calibration is 
now longer zero and is related to the flux. It is interesting to note that generalised 
calibrations play an important role in characterising the most general classes of 
supersymmetric supergravity solutions |67L 1741 I76L 175) . They have also been 
discussed in |86j . 

A second generalisation, is to determine the conditions for supersymmetric 
branes when non-trivial world-volume fluxes (F for D3-branes and H for the five- 
branes) are switched on. This is related to the possibility of branes ending on 
branes and is discussed in |14L I72L 1651 1112j . 

5. Supergravity solutions for fivebranes wrapping calibrated cycles 

At this point, we have established that D=ll supergravity has supersymmetric 
membrane and fivebrane solutions. By considering the world-volume approxima- 
tion to the dynamics of these branes we concluded that supersymmetric solutions 
of D=ll supergravity describing branes wrapping calibrated cycles in special ho- 
lonomy manifolds should also exist. In this section we will explain the explicit 
construction of such solutions, in the near horizon limit, focusing on the richest 
case of fivebranes. 

At first sight it is not at all clear how to construct these solutions. One might 
imagine that one should start with an explicit special holonomy metric, which are 
rather rare, and then "switch on the brane" . In fact the procedure we adopt jllUj 
is more indirect and subtle. A key point is that we aim to find the solutions in the 
near horizon limit, i.e. near to the brane wrapping the cycle, and this simplifies 
things in two important ways. Firstly, we expect that only the local geometry of 
the calibrated cycle in the special holonomy manifold, including the structure of its 
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normal bundle, to enter into the construction. Secondly, we will be able to employ 
a very useful technical procedure of first finding the solutions in D=7 5*0(5) gauged 
supergravity. This theory arises from the consistent truncation of the Kaluza-Klcin 
reduction on a four-sphere of D=ll supergravity, as we shall describe. In particular 
any supcrsymmctric solution of the D=7 theory gives rise to a supersymmetric 
solution of D=ll supergravity. Although, the converse is certainly not true, the 
D=7 gauged supergravity does include many interesting solutions corresponding to 
the near horizon limit of wrapped fivebrane geometries. 

We first discuss Kaluza-Klein reduction starting with the simplest case of re- 
duction on a circle. We then describe the reduction on a four-sphere leading to D=7 
gauged supergravity. Following this we will describe the construction of fivebranes 
wrapping calibrated cycles. We focus on the case of fivebranes wrapping SLAG 
3-cycles to illustrate some details and then summarise some aspects of the other 
cases. 

5.1. Consistency of Kaluza-Klein reduction. The basic example of Kaluza- 
Klein dimensional reduction is to start with pure gravity in five spacetime dimen- 
sions and then reduce on a circle to get a theory of gravity in four spacetime 
dimensions coupled to a U(l) gauge field and a scalar field. The procedure is to 
first expand the five-dimensional metric in harmonics on the circle. One obtains 
an infinite tower of modes whose four-dimensional mass is proportional to the in- 
verse of the radius of the circle, as well as some massless modes consisting of the 
four dimensional metric, gauge field and scalar field just mentioned. Finally one 
truncates the theory to the massless mode sector. 

This truncation is said to be "consistent" in the sense that any solution of the 
four-dimensional theory is automatically a solution to the five-dimensional theory. 
The reason for this consistency is simply that the massless modes being kept are 
independent of the coordinate on the circle, while the massive modes, which have 
non-trivial dependence on the coordinate on the circle, are all set to zero. Note 
that this is an exact statement that does not rely on the radius of the circle being 
small, where one might argue that the massive modes are decoupling because they 
are all getting very heavy. Similarly, as we shall shortly illustrate in more detail, 
one can consistently truncate the reduction of theories with additional matter fields 
on a circle, and more generally on tori. 

The D=7 gauged supergravity that we shall be interested in arises from the 
dimensional reduction of D=ll supergravity on a four-sphere. In general there 
are no consistent truncations of the dimensional reductions of gravity theories on 
spheres with dimension greater than one. The reason is that all of the harmonics 
on the sphere, including those associated with the lowest mass modes, typically 
depend on the coordinates of the sphere. Indeed, generically, if one reduces a 
theory of gravity on a sphere and attempts to truncate to the lowest mass modes, 
one will find that it is not consistent. That is, solutions of the truncated theory 
will not correspond to exact solutions of the higher dimensional theory. Of course if 
the radius of the sphere were taken to be very small the truncated solutions could 
provide very good approximations to solutions of the higher dimensional theory. 
However, in some special cases, including the reduction of D=ll supergravity on a 
four-sphere, it has been shown that there is in fact a consistent truncation. We will 
exploit this fact to construct exact solutions of D=ll supergravity by "uplifting" 
solutions that we first find in the D=7 gauged supergravity. 
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Before we present the Kaluza-Klein reduction formula for D—7 gauged super- 
gravity, which are rather involved, let us first present them in the much simpler 
setting of type IIA supergravity. 

5.2. Reduction on 5 1 to type IIA supergravity. Type IIA supergravity 
in ten dimensions can be obtained from the Kaluza-Klein reduction of D=ll su- 
pergravity on S 1 |77L 1301 Il00| . To see this, we construct an ansatz for the D=ll 
supergravity fields that just maintains the lowest massless modes. For the bosonic 
fields we let 

ds 2 = e -2*/3 ds 2 o+e 4$/3 (dy + C (l) ) 2 

(5.1) C = C^ + Bhdy. 

Here the ten dimensional line element <Asf , the scalar dilaton $, the "Ramond- 
Ramond" one-form and three-form and the the Neveu-Schwarz two- 

from B are all independent of y. The field strengths of the forms will be denoted 
= dC^\ F^ = dCW and H = dB. If we substitute this ansatz into the 
D=ll equations of motion we find equations of motion for the ten-dimensional 
fields which are derivable from the action 
(5.2) 

8 = J d 10 x^g (V 2$ [i? + 4d$ 2 - ^tf 2 ] 1f ( 2 4) - \f^ -\baf a af a . 

This is precisely the bosonic part of the action of type IIA supergravity. After 
similarly including the fermions we find the full supersymmetric type IIA action, 
which preserves 32 supersymmetries (two D=10 Major ana- Weyl spinors of opposite 
chirality). Note that the isometries of S 1 give rise to the U(l) gauge field with field 
strength F( 2 ) ■ 

The key point to emphasise is that, by construction, any solution of type II 
supergravity automatically can be uplifted to give a solution of D=ll supergravity 
that admits a U(l) isometry using the formulae in 1)5. Moreover, the D=ll 
supergravity solution will preserve at least the same amount of supersymmetry as 
the type IIA solution 4 . 

To illustrate with a simple example, consider the following supersymmetric 
solution of type IIA supergravity: 

ds 2 = H- 1 {dCdih lij ) + {dx I dx I ) 
B = H^df A dt} 
(5.3) e 2 * = H- 1 , 

with z, j = 0,1 and I, J = 1, . . . , 8. This is a solution to IIA supergravity providing 
that H is harmonic in the transverse space. Choosing the simple single centre solu- 
tion H = 1 + ct2N/r 6 we find that this solution carries N units of quantised electric 
if-fiux. In fact this solution describes the fields around N co-incident fundamental 
IIA strings of infinite extent. It preserves one-half of the supersymmetry. If we now 
uplift this solution to get a solution of D=ll supergravity using 1)5.1)1 we obtain the 
planar membrane solution 1)2.42)1 . 



Note that there are D=ll solutions with U(l) isometries that have supersymmetries that will 
not survive the dimensional reduction because the Killing spinors have a non-trivial dependence 
on the coordinate on the circle. 
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5.3. Reduction on 5 4 to D=7 5*0(5) gauged supergravity. The dimen- 
sional reduction of D=ll supergravity on a four-sphere can be consistently trun- 
cated to give D=7 50(5) gauged supergravity |116llTT7| . The origin of the 50(5) 
gauge symmetry is the 50(5) isometries of the four-sphere. 

The explicit formulae for the D=ll bosonic fields is given by 

A 4 / 5 



ds 1 



8G 



-DY (T~ ) 



-1\ABjjy B 
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3m 3 



7 DY Al DY A2 DY As DY Ai ^~ 
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Y T Y 
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DY 1 DY 2 DY 3 D 
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(T 



(T ■ Y) J 
Y -T ■ 

Y )A 5 



Y 



Y J 



Y T-Y 



1 

— F 

m 



AiA 2 



?A 3 A 4 



Y J 



(5.4) 



+d(S B Y B ) 



and the wedge product of forms is to be understood in the expression for G. Here 
Y A , A, B = 1,...,5, are constrained co-ordinates parametrising a four-sphere, 
satisfying Y A Y A = 1. In this section x^, fj,,v = 0, 1, . . . , 6 are D=7 co-ordinates 
and ds? is the D=7 line element associated with the D=7 metric 177(0;). The 50(5) 
isometries of the round four-sphere lead to the introduction of 50(5) gauge-fields 
B A b(x), with field strength F A b(x), that appear in the covariant derivative DY A : 



(5.5) DY A = dY A + 2mB A B Y B . 
The matrix T is defined by 

(5.6) T AB {x) = (U-^xXU-^ix)^ , 

where i,j = 1,...,5 and Ha 1 (x) is 14 scalar fields that parametrise the coset 
SL(5,R)/SO(5). The warp factor A is defined via 

(5.7) A" 6 / 5 =Y A T AB (x)Y B 

and 5,4(2;) are five three- forms. 

If we substitute this into the D=ll supergravity equations of motion we get 
equations of motion for gj{x), B{x), II(x) and S(x). The resulting equations of 
motion can be derived from the D=7 action: 



5 = / dJxJ^ 



R + im 2 (T 2 - ZTijTV) - P^P™ - \ (n A l n B 3 F AB f 



(5-8) -m^irVSw 



6ttiSa A Fa 



+ V3e A BCD E 6 AG S G A F BC A F DE + — — - (2fi 5 [B] - n 3 [B)) , 

8m 

where have dropped the 7 subscript on g 7 here and below, for clarity. This is 
precisely the bosonic part of the action of D—7 50(5) gauged supergravity |123j . 
In particular, the kinetic energy terms for the scalar fields are determined by P^j 
which is defined to be the part symmetric in i and j of 

(5.9) (I!" 1 )/ (s A B d^ + 2mB (I /) U B k S kj . 
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The potential terms for the scalar fields are defined in terms of 

(5.10) Tij = (n- V(n"V, t = t u . 

Finally, f^S] and Os[-B] are Chern-Simons forms for the gauge-fields, whose ex- 
plicit form will not be needed. 

It is also possible to explicitly construct an ansatz for the D=ll fermions to 
recover the fermions and supersymmetry of the D—7 gauged supergravity. In par- 
ticular the construction implies that any bosonic (supersymmetric) solution of D—7 
SO (5) gauged supergravity will uplift via l|5.4|) to a bosonic (supersymmetric) so- 
lution of D=ll supergravity. 

In order to find bosonic supersymmetric solutions of the D—7 gauged supergrav- 
ity, we need the supersymmetry variations of the fermions. The fermions consist 
of gravitini ip^ and dilatini A and, in a bosonic background, their supersymmetry 
variations are given by 

<% = v^-i(7 M ""-8^7 p )rtfcn A 4 n fl ^ B 

(5-11) +\m{T ij \t5 13 )T^ + ^7^ p (r» j - ^eH^/V^ . 

Here 7 M are the D=7 gamma matrices of Cliff (6, 1), while F* arc those of Cliff '(5), 
and these act on e which is a spinor with respect to both Spin(6, 1) and Spin(5). 
Note that 7^ and T l commute. The covariant derivative appearing in the super- 
symmetry variation for the gravitini is given by 

(5.12) V^e = (d„ + i< 7o6 + \q^T^ e , 

where Q^ij is the part of (|5.9I) anti-symmetric in i and j. To obtain supersymmetric 
configurations we set Sip — SX 1 = and let e be a commuting spinor. Note that 
setting the variations of the dilatini to zero leads to algebraic constraints on e. 

Although still very complicated, D—7 gauged supergravity is a simpler theory 
than D=ll supergravity as many degrees of freedom have been truncated. It is 
clear from (|5.4I) that the "breathing mode" , corresponding to uniformly scaling 
the round four-sphere, is one of the modes that has been truncated. This means 
that there are no solutions of the D=7 gauged supergravity which give rise to the 
full fivebrane solution of D=ll supergravity (|2.33|l with l|2.36|l . However, the near 
horizon limit of the fivebrane solution, AdS'j x S 4 , is easily found. Indeed it arises 
as the simplest "vacuum" solution of the theory where the gauge fields, the three- 
forms and the scalars are all set to zero: B = S = 0, n = 5. In this case the 
equations of motion reduce to solving 

3 

(5.13) Rfj, v = --m 2 g l _ l „ , 

and the unique solution preserving all supersymmetry is AdSj which we can write 
in Poincare co-ordinates as 

P 2 . ' 



(5.14) 



ds 2 = 
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If we uplift this solution to D=ll using l|5.4|) we recover the AdS7 x S 4 solution 
(|2.4()|l . with the radius of the AdSi given by 2/m. Note, in these co-ordinates, the 
D=7 metric clearly displays the flat planar world- volume of the fivebrane. 

5.4. Fivebranes wrapping SLAG 3-cycles. Supergravity solutions describ- 
ing fivebranes wrapping different calibrated cycles have been constructed in D=7 
gauged supergravity and then uplifted to D=ll in |11UI |3J 1711 168| . We will il- 
lustrate in some detail the construction of fivebranes wrapping SLAG 3-cycles |71| 
and then comment more briefly on the other cases. 

Consider the D=ll supersymmetric geometry R 1,2 x CI3 x K 2 and G = 0, 
with a probe fivebrane wrapping a SLAG 3-cycle inside the Calabi-Yau three-fold, 
i.e. the world-volume of the fivebrane is R 1 ' 2 x S3 with £3 c CI3. The five 
directions transverse to the fivebrane world- volume consist of three that are tangent 
to the CY3 and two flat directions that are normal to the CI3 . If we wrap many 
fivebranes, the back reaction on the geometry will be significant and we aim to find 
the corresponding supergravity solutions with G =^ 0. 

To construct these solutions, we seek a good ansatz for D=7 gauged super- 
gravity. By analogy with the flat planar fivebrane solution, we think of the D=7 
co-ordinates as being those of the world- volume of the fivebrane plus an additional 
radial direction which, when the solution is uplifted to D=ll, should correspond to 
a kind of radial distance away from the fivebrane in the five transverse directions. 
Thus an obvious ansatz for the D=7 metric is 

(5.15) ds 2 = e 2/ [ds 2 (R 1 ' 2 ) + dr 2 ] + e 29 ds 2 (£ 3 ) , 

where /, g are functions of r only and ds 2 (T,3) is some metric on the 3-cycle. Now 
before the back reaction is taken into account, three of the directions transverse 
to the fivebrane were tangent to CI3 and two were flat. We thus decompose the 
SO(5)-symmetry of the D=7 theory into SO (3) x SO (2) and only switch on 50(3) 
gauge-fields. In order to preserve supersymmetry, as we shall elaborate on shortly, 
the SO (3) gauge-fields are chosen to be proportional to the spin connection of £3: 

(5.16) 2mB a b = Q a b , 

for a, b = 1, 2, 3. This is a key part of the ansatz and it precisely corresponds to the 
fact that the normal bundle of SLAG-cycles is isomorphic to the tangent bundle 
of the cycle, as we discussed in section 4.1 and also at the end of section 4.3. An 
ansatz for the scalar fields respecting SO(3) x £0(2) symmetry is given by 

(5.17) H A * = diag(e 2X , e 2 \ e 2 \ e - 3 \ e - 3A ) , 

where A is a third function of r. It is consistent with the equations of motion to 
set the three-forms S to zero, which we do to complete the ansatz. 

For the configuration to preserve supersymmetry, we require that there exist 
spinors e such that the supersymmetry variations (|B . 1 1|> vanish. Given the above 
ansatz, the composite gauge fields Q appearing in l|5.12|l are given by the 5*0(3) 
gauge fields Q ab = 2mB ah . As a consequence, in demanding the vanishing of the 
variation of the gravitini in the directions along £3, we find that 

(5.18) (d+^ ab lab + jB ab T ab )e = , 

where Q is the SO(3) spin connection on £3. We now begin to see significance of 
the assumption H5.16|l . In particular, in the obvious orthonormal frame, Ij5.18|l can 
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be satisfied by spinors independent of the coordinates along S3, if we impose the 
following projections on e: 

(5.19) 7 ab e = -T ab e . 

Note that this precisely parallels our discussion on the preservation of supersymme- 
try in the context of the world- volume of the probe fivebrane at the end of section 
4.3. To ensure that the variation of all components of the gravitini and dilatini 
vanish we also need to impose 

(5.20) 7'e = e 

and we find that the the only dependence of the Killing spinors on the co-ordinates is 
radial: e = e^' 2 eo where eo is a constant spinor. Note that only two of the conditions 
(|5.19|l arc independent and they break 1/4 of the supersymmetry. When combined 
with (|5.20() we see that 1/8 of the supersymmetry is preserved in agreement with 
table 4. Actually, if one follows through these preserved supersymmetries to D=ll 
one finds that they are precisely those that one expects when a fivebrane wraps a 
SLAG 3-cycle: there are two projections corresponding to the CY$ and another for 
the fivebrane. 

A more detailed analysis of the conditions for supersymmetry implies that the 
metric on E3 must in fact be Einstein. Given the factor e 2fl , we can always normalise 
so that Ricci tensor and the metric on E3 are related by 

(5.21) iBc(£ 3 ) = ^(£3) , 

with I = ± 1. In three dimensions the Riemann curvature tensor is determined 
by the Ricci tensor. When I = (|5.21|) implies that S3 is flat: the resulting D=ll 
solution, after uplifting, corresponds to a fivebrane with a flat planar world- volume 
and is thus not of primary interest. Indeed the solution turns out to be just a 
special case of the fivebrane solution presented in Ij2.33|l with a special harmonic 
function with 50(3) x 5*0(2) symmetry. 

The cases of most interest are thus when I = ±1. When I — 1 the Einstein 
condition (|5.21|) implies that S3 is the three-sphere, 5 3 , or a quotient by a discrete 
subgroup of isometries of the isometry group 50(4), while for I = —1 it is hyper- 
bolic three-space, H 3 , or a quotient by a discrete subgroup of 50(3, 1). Note in 
particular that when I = — 1 it is possible that the resulting geometry is compact. 
We mentioned above that the Killing spinors are independent of the coordinates on 
the cycle, and hence the quotients 5 3 /Y and H 3 /Y are also supersymmetric. 

Finally, in addition, supersymmetry implies the following first order BPS equa- 
tions on the three radial functions: 

e-ff 

(5.22) e-*\' 

If these equations are satisfied then all of the D=7 equations of motion are satisfied 
and we have found a supersymmetric solution. 



= -g[3c-" + 2e«] 



3/ 
20m' 

71 
20m ' 



4A-2 g 



4A-2g 



,-4Al 



-e 



4A-2g 



10m 



:S2 



JEROME P. GAUNTLETT 



Using Ij5.4(l we can now uplift any solution of these BPS equations to obtain 
supersymmetric solutions of D=ll supergravity. The metric is given by 

(5.23) ds 2 = A- 2 / 5 ds 2 7 + -^A 4 / 5 \e iX DY a DY a + e^ x dY a dY a ] , 

Tfl 

where 

DY a = dY a + uj a b Y b 

(5.24) A~ 6/5 = e- AX Y a Y a + e 6X Y a Y a , 

with a, b = 1, 2, 3, a = 4, 5 and (Y a , Y a ) are constrained coordinates on S A satisfy- 
ing Y a Y a + Y a Y a = 1. The expression for the four-form is given by substituting 
into H5.4fl . Clearly, the four sphere is no longer round and it is non-trivially fibred 
over the three-dimensional Einstein space S3. 

It is illuminating 5 to change coordinates from the constrained co-ordinates 
(r, Y A ) to unconstrained co-ordinates (p a ,p a ) via 

p a _ J_ e /+9+2Aya 

m 

(5.25) p a = __L e 2/-3Aya _ 

m 

The metric then takes the form: 

ds 2 = (A- 2 / 5 e 2 [ds^JR 1 ' 2 ) + e 2 9- 2 Sds 2 {^)] 

(5.26) +(A 4 / 5 e"V) [e 2 f~ 2 s(dp a + u> a b p b ) 2 + dp a dp a ] . 

In these coordinates the warp factors have a similar form to the simple planar 
fivebrane solution (|2.33|l ; in particular this form confirms the interpretation of the 
solutions as describing fivebranes with world-volumes given by R 1,2 x £3. In addition 
the metric clearly displays the SO(2) symmetry corresponding to rotations in the 
p 4 , p 5 plane. 

Of course to find explicit solutions we need to solve the BPS equations. When 
Z = — 1 it is easy to check that there is an exact solution given by 

10A 



e u 



(5.27) e 



2/ 



2 
e 8A 
2m 2 

C 8A 



The D=7 metric is then the direct product AdS^ x (H 3 /T) (this D=7 solution 
was first found in |124p . The uplifted D=ll solution is a warped product of 
AdS± x (H 3 /T) with a four-sphere which is non-trivially fibred over (H 3 /T). The 
presence of the AdS± factor in the D=ll solution indicates that M-theory on this 
background is dual to a superconformal field theory in three spacetime dimensions. 
We will return to this point after analysing the general BPS solution. Note that 
when / = 1 there is no AdS^ x (S' 3 /r) solution. 

It seems plausible that the BPS equations could be solved exactly. However, 
much of the physical content can be deduced from a simple numerical investigation. 



5 These type of coordinates were first noticed in the context of wrapped membranes in I7UI . 
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If we introduce the new variables 



a 2 = e 2 ^e- sx 



(5.28) e h = e f - ix 

then the BPS equations are given by 



h h' = -^[2e 10A -l] 7 

2 L J 4ma 2 

3/ 



e ~h^_ = _™ r 2e ioA _ !] _ 

a 2 L J 4ma 2 

We next define x — a 2 and F = xe 10A to obtain the ODE 

dF F[m 2 x -5a + 2/3] 



(5.30) 



dx x[m 2 (2F-x) +2/3] 




x 



0.2 0.4 0.6 0.8 1 1.2 



Figure 1 . Behaviour of the orbits for five-branes wrapping SLAG 
3-cycles with I = — 1. Note the flow from the AcLSV-type region 
when F, x are large to the IR fixed point and the flows to the good 
and bad singularities in the IR, IR(GS) and IR(BS), respectively. 



The typical behaviour of F{x) is illustrated in figure 1 for I = — 1 and figure 2 
for 1 = 1. The region where both x and F are large is interesting. There we have 
F w x — l/m 2 and using a as a radial variable we obtain the asymptotic behaviour 
of the metric: 

ds 2 w -4r^da 2 + aVm 1 ' 2 ) + ds 2 (S 3 )] . 

This looks very similar to AdSj in Poincare co-ordinates except that the sections 
with constant a are not R 1 ' 5 but R 1 ' 2 x S3. 

This clearly corresponds to the near horizon limit of the fivebrane wrapped 
on the SLAG 3-cycle. By the general discussion on the AdS/CFT correspondence 
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Figure 2 . Behaviour of the orbits for fivebranes wrapping SLAG 
3-cycles with 1=1. 



earlier, this should be dual to the six dimensional quantum field theory living on the 
wrapped fivebrane worldvolume R 1 ' 2 x S3, after decoupling gravity. More precisely, 
the asymptotic behaviour of the solution (|5.31() . when lifted to D=ll, is dual to the 
UV behaviour of the quantum field theory. Following the flow of the solution as in 
figures 1 and 2 correspond to flowing to the IR of the field theory. In the present 
context, the IR corresponds to length scales large compared to the size of the cycle 
S3 on which the fivebrane is wrapped. In other words, going to the IR corresponds 
to taking S3 to be very small (assuming it is compact) and the six dimensional 
quantum field theory on R 1,2 x S3 behaves more and more like a three-dimensional 
quantum field theory on Hi 1,2 . 

Perhaps the most interesting solutions occur for I = — 1. There is a solution 
indicated by one of the dashed lines in figure 1 that flows from the UV AdSj 
type region to the AdS± x (H 3 /Y) fixed point that was given in i|5.27|l . This is a 
supergravity solution that describes a kind of renormalisation group flow from a 
theory on IR 1,2 x (H 3 /Y) to a superconformal field theory on R 1,2 . In particular, we 
see that the natural interpretation of the AdS± x (H 3 /Y) solution is that, when it is 
lifted to D=ll, it is dual to a superconformal field theory on R 1 ' 2 that arises as the 
IR limit of the fivebrane field theory on living on R 1 ' 2 x (H 3 /Y). The interpretation 
for non-compact H 3 /Y is less clear. 

The absence of an AdS$ x (S' 3 /r) solution for I = 1 possibly indicates that the 
quantum field theories arising on fivebranes wrapping SLAG 3-cycles with positive 
curvature are not superconformal in the infra-red. Alternatively, it could be that 
there are more elaborate solutions lying outside of our ansatz that have AdS^ 
factors. 

All other flows in figures 1 and 2 starting from the AdSj type region, flow 
to singular solutions. Being singular does not exclude the possibility that they 
might be interesting physically. Indeed, a criteria for time-like singularities in 
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static geometries to be "good singularities" , i.e. dual to some quantum field theory 
behaviour, was presented in |110j . In particular, a good singularity is defined to 
be one in which the norm of the time-like Killing vector with respect to the D=ll 
supergravity metric does not increase as one goes to the singularity (one can also 
consider the weaker criteria that the norm is just bounded from above). It is not 
difficult to determine whether the singularities that arise in the different asymptotic 
limits are good or bad by this criteria and this has been presented in figures I and 
2. It is likely that the good singularities describe some kind of Higgs branches of 
the quantum field theory corresponding to the possibility of moving the co-incident 
wrapped fivebranes apart. 

In summary, using D=7 gauged supergravity, we have been able to construct 
D=f 1 supergravity solutions that describe fivebranes wrapping SLAG 3-cycles. The 
cycle is Einstein and is either S 3 /T or H 3 /V where L is a discrete group of isometries. 
Probably the most important solutions that have been found are the AdS± x (H 3 /T) 
solutions which are dual to new superconformal field theories, after being uplifted 
to D=ll. More general flow solutions were also constructed numerically. 

5.5. Fivebranes wrapping other cycles. The construction of supersym- 
metric solutions corresponding to fivebranes wrapping other supersymmetric cycles 
runs along similar lines. The ansatz for the D=7 metric is given by 

(5.31) ds 2 = e 2/ [ds 2 (K 1,5 ~ d ) + dr 2 } + e 2a ds 2 {^ d ) , 

where ds 2 , is the metric on the supersymmetric c£-cycle, E^, and the functions / 
and g depend on the radial coordinate r only. 

The 5'0(5)-gauge fields are specified by the spin connection of the metric on 
in a way determined by the structure of the normal bundle of the calibrated cycle 
being wrapped. In general, we decompose the SO(5) symmetry into SO(p) x SO(q) 
with p + q = 5, and only excite the gauge fields in the SO(p) subgroup. We will 
denote these directions by a, b = 1, . . . ,p. If we consider a probe fivebrane wrapping 
the cycle inside a manifold of special holonomy M, this decomposition corresponds 
to dividing the directions transverse to the brane into p directions within M and 
q directions perpendicular to M. The precise ansatz for the SO(p) gauge-fields is 
determined by some part of the spin connection on the cycle and will be discussed 
shortly. 

In keeping with this decomposition, the solutions that we consider have a single 
scalar field excited. More precisely we take 

(5.32) IV = diag(ei\ . . . , e«\ e"** . . . , e"^) , 

where we have p followed by q entries. Once again this implies that the composite 
gauge-field Q is then determined by the gauge-fields via Q ab = 2mB ab . 

It turns out that for the SLAG 5-cycle and most of the 4-cycle cases it is 
necessary to have non- vanishing three- forms S A . The S'-equation of motion is 

(5.33) m 2 S Ac n-\ C n- 1 t B S B =-m*F A + J—e ABCD E * (F BC A F DE ) . 

4V3 

The solutions have vanishing four-form field strength F A and hence S A arc deter- 
mined by the gauge fields. 
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Demanding that the configuration preserves supersymmetry, as for the SLAG 
3-cycle case, we find that along the cycle directions: 

(5.34) (d + \u; bc lbc + jB ab T ab )e = , 

where uj bc is the spin connection one-form of the cycle. For each case the specific 
gauge-fields, determined by the type of cycle being wrapped, go hand in hand with 
a set of projections which allow (|5.34|) to be satisfied for spinors independent of the 
coordinates along S^. We can easily guess the appropriate ansatz for the gauge 
fields from our discussion of the structure of the normal bundles of calibrated cy- 
cles in section 4.1, and they are summarised below. The corresponding projections 
are then easily determined and are given explicitly in |110L l3l 1711 I68j . In the 
uplifted D=ll solutions, these projections translate into a set of projections corre- 
sponding to those of the special holonomy manifold and an additional projection 
corresponding to the wrapped fivebrane. 

By analysing the conditions for supersymmetry in more detail, one finds that 
the metric on the cycle is necessarily Einstein, and we again normalise so that 

(5.35) R ab = lg a b , 

with / = 0, ±1. When d = 2, 3 the Einstein condition implies that the cycles have 
constant curvature and hence are either spheres, for / = 1 or hyperbolic spaces for 
I = 1, or quotients of these spaces by a discrete group of isometries. When d > 3 
the Einstein condition implies that the Riemann tensor can be written 

- - 21 

(5-36) Rated = Wabcd + ^_ ^ g a [c9d]b 5 

where W is the Weyl tensor, and there are more possibilities. By analysing the 
D=7 Einstein equations one finds that for d = 4, 5 the part of the spin connection 
that is identified with the gauge fields must have constant curvature. 

We now summarise the ansatz for the SO(5) gauge fields for each case and 
discuss the types of cycle that arise for = 4, 5. We can always take a quotient of 
the cycles listed by a discrete group of isometries. 

SLAG n-cycles: Consider a probe fivebrane wrapping a SLAG n-cycle in a 
CY n . The five directions transverse to the fivebrane consist of n directions tangent 
to the CY n and 5— n normal to it. Thus, for the supergravity solution we decompose 
SO(5) — > SO(n) x SO(5 — n), and let the only non- vanishing gauge fields lie in the 
SO(n) factor. Up to a factor of 2m these SO(n) gauge-fields are identified with 
SO(n) spin connection on £„, as in H5.16|l . This identification corresponds to the 
fact that A^(S„) = T(X„) for SLAG n-cycles. Since all of the spin connection is 
identified with the gauge-fields, the metric on £„ must have constant curvature 
(W = for d = 4, 5) and hence £„ is S n for I = 1 and H n for I = -1. 

Kahler 2-cycles: Kahler 2-cycles in CI2 are SLAG 2-cycles and have just been 
discussed. For probe fivebranes wrapping Kahler 2-cycles in CY3 the five directions 
transverse to the fivebrane consist of four directions tangent to the CY3 and one flat 
direction normal to the CY3. The normal bundle of the Kahler 2-cycle has structure 
group U (2) = U(l ) xSU(2) and recall now 14.5fl . Thus, for the supergravity solution 
in D=7, we decompose SO(5) -> 50(4) -> {7(2) = 17(1) x SU{2) and identify the 
U(l) spin connection of the cycle with the gauge-fields in the U(l) factor. We 
also set the SU (2) gauge-fields to zero, which corresponds to considering fivebranes 
wrapping Kahler 2-cycles with non-generic normal bundle. An example of such 
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a cycle is the two-sphere in the resolved conifold. It would be interesting to find 
more general solutions with non- vanishing SU(2) gauge-fields, preserving the same 
amount of supersymmetry. 

Kahler- 4- cycles: We assume that £4 in the D=7 supergravity solution has 
a Kahler metric with a U(2) = U(l) x SU{2) spin connection. When probe five- 
branes wrap Kahler 4-cycles in OY3 the five transverse directions consist of two 
directions tangent to the CY3 and three flat directions normal to the CY3. Thus 
we decompose 50(5) — * 50(2) x 50(3), set the 50(3) gauge-fields to zero and 
identify the 50(2) = [7(1) gauge fields with the U(l) part of the U(l) x SU(2) spin 
connection on the 4-cycle. When probe fivebranes wrap Kahler 4-cycles in OY4 the 
five transverse directions consist of four directions tangent to the CY4 and one flat 
direction normal to the OY4. Thus we now decompose 50(5) — * 50(4) — > U(2) = 
U(l) x SU (2) and we set the SU (2) gauge-fields to zero, which again corresponds to 
considering non-generic normal bundles. We identify the U{V) gauge-fields with the 
U(\) part of the spin connection as dictated by i|4.5[l . In both cases, the identifica- 
tion of the gauge fields with part of the spin connection doesn't place any further 
constraints on £4 other than it is Kahler-Einstein. An example when I = 1 is CP 2 . 

C-Lag 4-cycles: We again assume that £4 in the D=7 solution has a Kahler 
metric with a U(2) = U(l) x SU (2) spin connection. We again decompose SO (5) — > 
50(4) -> U{2) = C/(l) x 5Z7(2) but now we do not set the SU{2) gauge-fields to 
zero. Indeed, since the cycle is both SLAG and Kahler, with respect to different 
complex structures, we must identify all of the U(2) gauge-fields with the U(2) spin 
connection. Einstein's equations then imply that £4 must have constant holomor- 
phic sectional curvature. This means that for I = 1 it is CP 2 while for i = — 1 it is 
the open disc in C 2 with the Bergman metric. Note that the solutions corresponding 
to fivebranes wrapping C-Lag CP 2 are different from the solutions corresponding 
to fivebranes wrapping Kahler CP 2 , since they have more gauge- fields excited and 
preserve different amounts of supersymmetry. 

Associative 3-cycles: When probe fivebranes wrap associative 3-cycles in G2 
manifolds, there are four transverse directions that are tangent to the G2 manifold 
and one flat direction normal to the G2 manifold. We thus decompose 50(5) — > 
50(4) = SU(2) + x SU(2)~, where the superscripts indicate the self-dual and anti- 
self-dual parts. Recall that the normal bundle of associative 3-cycles is given by 
5(g) V where 5 was the SU (2) spin bundle on £3 and V is a rank SU (2) bundle. In 
the non-generic case when V is trivial, for example for the G2 manifold in |28| , then 
the identification of the gauge-fields is clear: we should identify the 50(3) = SU(2) 
spin connection on £3 with SU(2) + gauge-fields and set the SU{2)~ gauge-fields 
to zero. 

Co-associative 4-cycles: When probe fivebranes wrap co-associative 4-cycles 
in G2 manifolds, there are three transverse directions that are tangent to the G2 
manifold and two flat directions normal to the G2 manifold. We thus decompose 
50(5) -> 50(3) x SO {2) and set the 50(2) gauge-fields to zero. Recall that the 
normal bundle of co-associative 4-cycles is isomorphic to the bundle of anti-self-dual 
two-forms on the 4-cycle. This indicates that we should identify the 50(3) = SU (2) 
gauge-fields with the anti-self-dual part, SU(2)~, of the 50(4) SU(2)+ x SU{2)~ 
spin connection on £4. For the co-associative 4-cycles, Einstein's equations imply 
that the anti-self-dual part of the spin connection has constant curvature, or in 
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other words, the Weyl tensor is self-dual W~ = 0. These manifolds are sometimes 
called conformally half-flat. If I = 1 the only compact examples are CP 2 and 5 4 . 

Cayley 4-cycles: When probe fivebranes wrap Cayley 4-cycles in Spin(7) 
manifolds the five normal directions consist of four directions tangent to the Spin(7) 
manifold and one flat direction normal to the Spin(7) manifold. We thus again 
decompose 50(5) — > 5*0(4) = SU(2) + x SU(2)~, where the superscripts indicate 
the self-dual and anti-self-dual parts. Recall that the normal bundle of Cayley 4- 
cycles is given by SL ® V where 5_ was the SU (2) bundle of negative chirality 
spinors on S3 and V is a rank SU(2) bundle. In the non-generic case when V 
is trivial, for example for the Spin(7) manifolds in [28] , then the identification of 
the gauge-fields is clear: if 5C/(2) ± are the self-dual and anti-self-dual parts of the 
50(4) spin connection on S4 then we should identify the SU(2)~ part of the spin 
connection with SU{2)~ gauge fields and set the SU(2) + gauge-fields to zero. As 
for the co-associative 4-cycles, Einstein's equations imply that the Weyl tensor is 
self-dual W~ = 0. 

With this data the BPS equations can easily be derived and we refer to [1101 13] 
1711 168) for the explicit equations. They have a similar appearance to those of the 
SLAG 3-cycle case, with the addition of an extra term coming from the three-forms 
5 for most of the 4-cycle cases and the SLAG 5-cycles. When the curvature of the 
cycle is negative, I = —1, in all cases except for Kahler 4-cycles in OY3, we obtain 
an AdS-i-d X £<; fixed point. When I = 1, only for SLAG 5-cycles do we find such 
a fixed point. This is summarised in table 5. 

We note that using exactly the same ansatz for the D=7 supergravity fields, 
some additional non-supersymmetric solutions of the form AdS^^d X were found 
[62] , In addition, by considering the possibility of extra scalar fields being ex- 
cited, one more AdS^ solution was found. Such solutions could be dual to non- 
supersymmetric conformal field theories, that are related to wrapped fivebranes 
with supersymmetry broken. To develop this interpretation it is necessary that 
the solutions are stable, which is difficult to determine. A preliminary perturba- 
tive investigation revealed that some of these solutions are unstable. We have also 
summarised these solutions in table 5. 

5.6. Wrapped Membranes and D3-branes. D=ll supergravity solutions 
describing membranes wrapping Kahler 2-cycles can be found in an analogous man- 
ner |70| . The appropriate gauged supergravity for this case is maximal 50(8) 
gauged supergravity in D=4 [471 148] which can be obtained from a consistent 
truncation of the dimensional reduction of D=ll supergravity on a seven sphere 
[501 149) . The vacuum solution of this theory is AdS^ and this uplifts to AdS± x 5 7 , 
which is the near horizon limit of the planar membrane solution. More general 
solutions can be found that uplift to solutions describing the near horizon limit of 
wrapped membranes. 

Actually, the general formulae for obtaining 50(8) gauged supergravity from 
the dimensional reduction of D=ll supergravity on the seven sphere are rather 
implicit and not in a form that is useful for uplifting general solutions. Luckily, 
there is a further consistent truncation of the 50(8) gauged supergravity theory to 
a U(1) A gauged supergravity where the formulae are known explicitly (in the special 
case that the axion fields are zero) [39] and this is sufficient for the construction of 
D=ll wrapped membrane solutions. 
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3!) 



spacetimc 


embedding 


cycle £„ 


supersymmetry 


AdS 5 x S 2 


Kahler 2-cycle in CY 2 


i TT A 

H 2 


yes 






S 2 


no* 




Kahler 2-cycle in CY 3 


tt'J 

H 2 


yes 






H 2 


no 


AdSi x £ 3 


SLAG 3-cycle in CY 3 


if 3 


yes 






# 3 


no 




Associative 3-cycle 


H A 


yes 






H 3 


no 


AdSa x S 4 


Coassociative 4-cycle 


C* 4 


yes 




SLAG 4-cycle in CY 4 


I/ 4 


yes 






ff 4 


no 






S 4 


no 




Kahler 4-cycle in CY4 


if 4 


yes 








no 




Cayley 4-cycle 




yes 






cl 


no 






CP 2 ,^ 4 


no 




CLAG 4-cycle in HK$ 




yes 






B 


no 






CP 2 


no 




SLAG 4-cycle in CY 2 x CY 2 


H 2 x £P 


yes 






H 2 x P 2 


no* 






S 2 x S 2 


no* 






S 2 x P 2 


no* 


AdS 2 x S 5 


SLAG 5-cycle in CY 5 


i/ b 


yes 






S 5 


yes 




SLAG 5-cycle in CY 2 x CY 3 


H A x P^ 


yes 






^ 2 x H 3 


no 






S 2 x P 3 


no 



Table 5. AdS fixed point solutions for wrapped fivebranes: C_ 
and K± are conformally half-flat and Kahler-Einstcin metrics with 
the subscript denoting positive or negative scalar curvature and B 
is the Bergmann metric. Note that we can also take quotients 
of all cycles by discrete groups of isometries and this preserves 
supersymmetry * denotes a solution shown to be unstable. 



To see why, let us describe the ansatz for the gauge-fields for the D=4 solutions. 
If we consider a probe membrane wrapping a Kahler 2-cycle in a CY n then the eight 
directions transverse to the membrane consist of In — 2 directions that are tangent 
to the CY n and 10 — 2n flat directions that are normal to the CY n . In addition 
the normal bundle of the Kahler 2-cycle in CY n has structure group U(n — 1) = 
U(l) x SU(n — 1) and recall l|4.5ll . Thus, in the D=4 supergravity, we should 
first decompose SO(8) — > SO(2n — 2) x 5*0(10 — 2n) and only have non-vanishing 
gauge fields in U(n — 1) C SO(2n — 2). The gauge-fields in the U(l) factor of 
U(n — 1) = U(l) x SU(n — 1) are then identified with the U(l) spin connection on 
the 2-cycle, corresponding to l|4.5|l . In the solutions that have been constructed, the 
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remaining SU(n — 1) gauge-fields are set to zero, which corresponds to the normal 
bundle of the Kahler 2-cycle being non-generic when n > 3. Thus, the ansatz for 
the gauge fields are such that they always lie within the maximal cartan subalgebra 
t/(l) 4 of 5*0(8) and hence the truncation formulae of |39| can be used. 

Once again the metric on the 2-cycle is Einstein and hence is either S 2 /T for I = 
1 or H 2 /r for I = — 1. In particular, the cycle can be an arbitrary Riemann surface. 
General BPS equations have been found and analysed numerically. Interestingly, 
AdS2 x Y>2 fixed points are found only for I = — 1 and only for the cases of CY4 
and CI5. When uplifted to D=ll these solutions become a warped product with a 
non-round seven sphere that is non-trivially fibred over the cycle. The AdS2 fixed 
point solutions should be dual to superconformal quantum mechanics living on the 
wrapped membranes. 

The appropriate gauged supergravity theory for finding D=10 type IIB solu- 
tions describing D3-branes wrapping various calibrated cycles, is the maximally 
supersymmetric 50(6) gauged supergravity in D=5 |85| . This can be obtained 
from the consistent truncation of the dimensional reduction of the type IIB super- 
gravity on a five-sphere. In particular, the vacuum solution is AdS§ and this uplifts 
to AdS§ x S 5 which is the near horizon limit of the planar D3-brane. Actually the 
general formulae for this reduction are not yet known and one has to exploit further 
consistent truncations that are known |129l 1391 11U71 143) . 

All cases in table 3 have been investigated, and BPS equations have been 
found and analysed. Once again, in the solutions, the 2- and 3-cycles that the D3- 
branes wrap have Einstein metrics and hence have constant curvature. D3-branes 
wrapping Kahler 2-cycles in CY2 and CY3 were studied in |110| while the CY4 
case was analysed in |115j . AdS3 x H 2 /T fixed points were found for the OY3 
and OY4 cases. D3-branes wrapping associative 3-cycles were analysed in |118| 
and an AdS2 x H 3 /T fixed point was found. Finally, D3-branes wrapping SLAG 
3-cycles were studied in |115| and no AdS2 fixed point was found. Note that non- 
supersymmetric AdS solutions were sought in [115] for both wrapped membranes 
and D3-branes, generalising the fivebrane solutions in |62| . but none were found. 

5.7. Other wrapped brane solutions. Let us briefly mention some other 
supergravity solutions describing wrapped branes that have been constructed. 

D6-branes of type IIA string theory carry charge under the U(l) gauge- field 
arising from the Kaluza-Klein reduction of D=ll supergravity on an S 1 (the field 
C^ 1 ' in (|5.1(l h The planar D6-brane uplifts to pure geometry: R 1 ' 6 x M4 where 
M4 is Taub-NUT space with SU (2) holonomy. Similarly, when D6-branes wrap 
calibrated cycles they uplift to other special holonomy manifolds in D=ll and this 
has been studied in e.g. HI 1801 153L I91LI82) . Other solutions related to wrapped 
D6-branes that are dual to non-commutative field theories have been studied in 
[251126] , 

There are solutions of massive type IIA supergravity with AdSe factors which 
are dual to the five-dimensional conformal field theory arising on the D4-D8-brane 
system |56l 12 3 j . Supersymmetric and non-supersymmetric solutions describing the 
D4-D8 system wrapped on various calibrated cycles were found in [1191 1115| . 

For some other supergravity solutions with possible applications to AdS/CFT, 
that are somewhat related to those described here, see 1411 1541 1551 1241 1321 
IT05ll3TllT06] . 
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6. Discussion 

We have explained in some detail the construction of supergravity solutions 
describing branes wrapping calibrated cycles. There are a number of issues that 
are worth further investigation. 

It seems plausible that the BPS equations can be solved exactly. To date this 
has only been achieved in a few cases. They were solved for the case of membranes 
wrapping Kahler 2-cycles in CYg |70j . but this case is special in that all scalar 
fields in the gauged supergravity are set to zero. When there is a non-vanishing 
scalar field, the BPS equations were solved exactly for some cases in |110j and 
they have been partially integrated for other cases. Of particular interest are the 
exact solutions corresponding to the flows from an AdSo region to an AdSo-d x ^d 
fixed point (for example, one of the dashed lines in figure 1) as they are completely 
regular solutions. 

For the case of membranes wrapping Kahler 2-cycles in CI5, the general flow 
solution can be viewed as the "topological" AdS± black holes discussed in |29j . 
When I = — 1, there is a supersymmetric rotating generalisation of this black hole 
|29j : when it uplifted to D=ll, it corresponds to waves on the wrapped membrane 
|70j . The rotating solution is completely regular provided that the angular momen- 
tum is bounded. It would be interesting to understand this bound from the point 
of view of the dual field theory. In addition, the existence of this rotating solution 
suggests that for all of the regular flow solutions of wrapped branes starting from 
an AdSo region and flowing to an AdSo-d x ~^d region, there should be rotating 
generalisations that are waiting to be found. 

In all of the supergravity solutions describing wrapped branes that have been 
constructed, the cycle has an Einstein metric on it. It would be interesting if a more 
general ansatz could be found in which this condition is relaxed. While this seems 
possible, it may not be possible to find explicit solutions. In some cases, such as 
fivebranes wrapping Kahler 2-cycles in CI3, we noted that the solutions constructed 
correspond to fivebranes wrapping cycles with non-generic normal bundles. This 
was because certain gauge-fields were set to zero. We expect that more general 
solutions can be found corresponding to generic normal bundles. Note that such a 
solution, with an AdS factor, was found for D3-branes wrapping Kahler 2-cycles in 
CY 3 [TTo] . 

It would also be interesting to construct more general solutions that describe 
the wrapped branes beyond the near horizon limit. Such solutions would asymptote 
to a special holonomy manifold, which would necessarily be non-compact in order 
that the solution can carry non-zero flux (a no-go theorem for D=ll supergravity 
solutions with flux is presented in [76] ) . It seems likely that solutions can be found 
that asymptote to the known co-homogeneity-one special holonomy manifolds. For 
example, the deformed conifold is a co-homogeneity-one CY3 that is a regular defor- 
mation of the conifold. It has a SLAG three-sphere and topologically the manifold 
is the co-tangent bundle of the three-sphere, T*(S 3 ). It should be possible to gen- 
eralise the solutions describing fivebranes wrapping SLAG three-spheres in the near 
horizon limit, to solutions that include an asymptotic region far from the branes 
that approaches the conifold metric. Of course, these solutions will still be singular 
in the near horizon limit. It will be particularly interesting to construct similar 
solutions for the I = — 1 case. T*(H 3 ) admits a CY 3 metric, with a SLAG H 3 
but there is a singularity at some finite distance from the SLAG 3-cycle. There 
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may be a solution with non-zero flux that interpolates from this singular behaviour 
down to the regular near horizon solutions that we constructed. Alternatively, it 
may be that the flux somehow "pushes off" the singularity to infinity and the en- 
tire solution is regular. The construction of these more general solutions, when 
the four-sphere transverse to the fivebrane is allowed to get large, will necessarily 
require new techniques, as they cannot be found in the gauged supergravity. 

The construction of the wrapped brane solutions using gauged supergravity 
is rather indirect and it is desirable to characterise the D=ll geometries more 
directly. For example, this may lead to new methods to generalise the solutions 
along the lines mentioned above. One approach, is to guess general ansatze for 
D=ll supergravity configurations that might describe wrapped brane solutions and 
then impose the conditions to have supersymmetry. This approach has its origins in 
the construction of the intersecting brane solutions, reviewed in |64l 1133] , and was 
further extended in e.g. (541 1351 1981 199 j . Recently, it has been appreciated that it 
is possible to systematically characterise supersymmetric solutions of supergravity 
theories with non-zero fluxes using the notion of G-structures |67L 1601 1101L 1741 176L 
I75| (see also IGGLIG3j ). In particular, it was emphasised in some of these works that 
generalised calibrations play a central role and this is intimately connected with the 
fact that supergravity solutions with non-vanishing fluxes arise when branes wrap 
calibrated cycles. It should be noted that while these techniques provide powerful 
ways of characterising the D=ll geometries it is often difficult to obtain explicit 
examples: indeed even recovering the known explicit solutions found via gauged 
supergravity can be non-trivial (see e.g. j74j ). 

The supergravity solutions can be used to learn a lot about the dual conformal 
field theory, assuming the AdS/CFT correspondence is valid. For example, the 
AdS fixed points can be used to determine the spectrum and correlation functions 
of the operators in the dual field theory. For the case of wrapped D3-branes, since 
the dual field theory is related to M = 4 super Yang-Mills theory, some detailed 
comparisons can be made |110j . For the fivebrane case it will be more difficult 
to do this since the conformal field theory living on the fivebrane is still poorly 
understood. Perhaps some detailed comparisons can be made for the wrapped 
membranes. 

Recently some new supersymmetric solutions with AdS factors were constructed 
in 38i I37| . It will be interesting to determine their dual CFT interpretation and 
to see if they are related to wrapped branes. The non-supersymmetric solutions 
containing AdS factors found in [821 might be dual to non-supersymmetric con- 
formal field theories. A necessary requirement is that the solutions are stable: it 
would be useful to complete the preliminary analysis of the perturbative stability 
undertaken in (62) . 

Supergravity solutions that are dual to supersymmetric quantum field theories 
that are not conformally invariant can be constructed using wrapped NS 5-branes 
of type IIB string theory. The near horizon limit of the planar NS 5-brane is 
dual to what is known as "little string theory" in six dimensions (for a review 
see [4]). These still mysterious theories are not local quantum field theories but 
at low-energies they give rise to supersymmetric Yang-Mills (SYM) theory in six 
dimensions. As a consequence, the geometries describing NS 5-branes wrapped on 
various calibrated cycles encode information about various SYM theories in lower- 
dimensions. The geometries describing NS 5-branes wrapped on Kahler 2-cycles 
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in CY3 were constructed in |34L 111 1] and are dual to Af = 1 SYM theory in four 
dimensions. If the 5-branes are wrapped on Kahler 2-cycles in CY2 the geometries 
are dual to Af = 2 SYM theory in four dimensions |69l I22j (see also |94j). By 
wrapping on associative 3-cycles one finds geometries that encode information about 
Af = 1 SYM in D=3 P3 |3H Il30l H091I8T] . while wrapping on SLAG 3-cycles one 
finds Af = 2 SYM in D=3 |67L 183 j . For the latter case, the solutions presented in 
|67L 183) are singular and correspond to vanishing Chern-Simons form in the dual 
SYM theory. There are strong physical arguments that suggest there are more 
general regular solutions that are dual to SYM with non-vanishing Chern-Simons 
form, and it would be very interesting to construct them. Note that supergravity 
solutions describing NS 5-branes wrapping various 4-cycles were found in 111 5j . 
The D=10 geometry for wrapped NS 5-branes has been analysed in some detail in 

[jmieTflR^ITim 1741175] . 

We hope to have given the impression that while much is now known about 
supergravity solutions describing branes wrapped on calibrated cycles, there is still 
much to be understood. 
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